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1 Introduction

The late nineteen-nineties saw a very large number of mergers, alliances, and asset sales.!
These three mechanisms for combining, to a greater or lesser extent, part or all of the assets
of two or more firms have been extensively studied.? However, there thus far appears to be
relatively little work on the determinants of a firm’s choice among these three mechanisms.
This is the object of the present paper. We wish to understand under what circumstances
and for what reasons a firm will choose, say, to merge with another firm rather than enter
into an alliance with that firm or simply to purchase one or more of the tangible or intangible

assets of that firm.

More generally, we answer the following questions in the present paper: When do two
firms merge, ally, or trade assets? If assets are traded, which assets are traded and which
assets are not? Which firm buys the assets that are traded and which firm sells? If an alliance
is entered into, which assets are contributed to the alliance by the allying firms? Is an alliance
dissolved? When? Which partner in the alliance buys out the other at dissolution? When
a merger involves two firms with different organizational forms, does one form eventually
supersede the other? Which form? When?

In order to answer these questions, we develop a model that allows us to capture what we
believe are the main forces at work in a context such as the one we consider, and to analyze
how the balance of these forces is altered by a merger, an alliance, or the sale of one or more
assets. We distinguish between a firm’s one or many assets, the firm’s knowhow, and the
core competencies of the firm. The firm uses its knowhow and its core competencies to add

value to its assets.

Knowhow and core competencies are part of what Maksimovic and Phillips (2002) refer
to as a firm’s skills. We draw the following distinction between knowhow on the one hand
and core competencies on the other. Consider two firms that jointly operate an asset within
an alliance, or a single merged firm within which the two organizations corresponding to
the original merging firms jointly operate that same asset. Some skills can be combined for
the purpose of jointly operating the asset. Other skills cannot. Skills that are combined

can be observed; they can therefore be acquired. Skills that are not combined can neither

'Dyer, Kale, and Singh (2004) report that, over the six-year period 1996-2001, American firms announced
74,000 acquisitions and 57,000 alliances. Maksimovic and Phillips (2001) consider only manufacturing plants
reallocated over the longer period 1974-1992. They find that 17,729 plants were reallocated through mergers
and acquisitions, whereas 17,571 plants were reallocated through asset sales. Asset sales differ from mergers

and acquisitions in that the selling firm remains in existence in the former but not the latter case.
2We give only a few references for the sake of brevity. For merger and acquisitions, see for example

Andrade, Mitchell, and Stafford (2001) and Gorton, Kahl, and Rosen (2005). For alliances, see for example
Hauswald and Hege (2002) and McConnell and Nantell (1985). For asset transfers, see for example Eisfeldt
and Rampini (2004) and Maksimovic and Phillips (2001).



be observed nor acquired. We call the first set of skills knowhow and the second core

competencies.?

Assets can be traded in isolation. Knowhow and core competencies cannot, because they
are in the nature of tacit knowledge. Tacit knowledge is known but cannot be explained
(Polanyi, 1966). It is therefore difficult to codify explicitly. Instead, it is embedded in the
organization of the firm, the informal processes and procedures that structure and coordinate
the workings of the firm, and the culture and the spirit that animate and underpin these.
Consequently, knowhow and core competencies can only be traded as part and parcel of the

firm

Mergers, alliances, and asset sales combine assets, knowhow, and organizational capital
in different ways. In an asset sale, the buyer of the asset uses its own knowhow and organi-
zational capital to add value to the asset it has bought. The buyer of the asset has no access

to the knowhow and core competencies of the seller.

Alliances differ from asset sales in that they provide the partners in the alliance with
access to each other’s knowhow. Assets operated jointly within the alliance have direct access
to the entirety of the partners’ combined knowhow. Assets operated separately without do
not. Instead, assets operated separately by a given partner have indirect access to the
partners’ combined knowhow through the knowhow the given partner acquires in the course
of joint operations within the alliance. Partners in an alliance enjoy learning externalities

throughout the life of the alliance.

There are, however, costs as well as benefits to the alliance. The first cost stems from
double moral hazard. Because the two partners share the benefits from the alliance, their
incentive to contribute resources to the alliance is commensurate to their share of these
benefits, and likely falls short of the resource contributions that would maximize the total

benefits from the alliance.

The second cost is perhaps less familiar. Recall that the knowhow and the core competen-
cies of the partners in the alliance are embedded in the partners’ organizations. Combining
knowhow necessarily requires getting organizations to work together. But different organiza-
tions that work together generally embed different core competencies which, unlike knowhow,
cannot be combined. As a result, in an alliance, the partner whose organization embeds the
higher core competencies is somewhat penalized by having to work together with the part-
ner whose organization embeds the lower core competencies: this is the price to be paid for
the former partner’s access to the latter partner’s knowhow. The difference between core

competencies gives rise to the second cost of the alliance. We refer to this cost as the cost

3This appears to be in accordance with the concept of core competencies as introduced by Prahalad and

Hamel (1990).
“The problems encountered in the attempt by large, well-established Ciba Geigy and small, fledgling



of CCD (core competencies difference).

Mergers serve to combine within the same firm knowhow that was originally separate
in two different firms. All assets are operated jointly in a merger; all assets therefore have

direct access to the entirety of the merging firms’ combined knowhow.

There is no cost of double moral hazard in a merger. This is because a single management
team makes resource allocation decisions in a merger, rather than the two management teams
of the two separate parent firms in an alliance. This is an advantage of a merger over an
alliance. A disadvantage of the merger over the alliance is the greater cost of CCD in a
merger. The reason is that the alliance can be made to involve only a subset of assets,
whereas the merger involves all assets. In other words, alliances may involve divisions of a
firm, whereas mergers generally involve entire firms. This means that the cost of CCD can
be limited to a subset of assets in an alliance, whereas it necessarily extends to all assets in

a merger.”

Which of a merger, an alliance, or an asset sale is chosen by the two firms naturally
depends on the relative costs and benefits of the three forms of organizations. A merger is
chosen when the two firms have similar core competencies: there is little cost of CCD in a
merger in such case, no double moral hazard, and access to combined knowhow for all assets.
When one firm has markedly higher core competencies than the other, that firm operates
the assets separately if it also has markedly higher knowhow: there is little to be gained and
much to be lost from joint operations in such case. Finally, an alliance is chosen when the
firm with markedly higher core competencies has markedly lower knowhow: the alliance then
serves to confine the cost of CCD to the single asset operated jointly, yet makes accessible
to the assets operated separately the knowhow acquired from joint operations within the

alliance.

We show that joint operations, whether within an alliance or a merged firm, always must
come to an end. The intuition is as follows. The benefit of joint operations is in combining
knowhow. As knowhow gradually is acquired over the period of joint operations, the benefits
of combining knowhow correspondingly decrease. There comes a point in time at which the
benefit of joint operations—combining knowhow-becomes smaller than its costs—double moral

hazard for the alliance and CCD for both the alliance and the merger.

Joint operations within an alliance end with the buyout of one partner by the other.

Alza jointly to develop advanced drug delivery systems (Doz, 1996) are an example of the high costs of the

difference between core competencies.
5Note that we do not explicitly include acquisitions in our analysis. This is because we view an acquisition

as akin either to a merger or an asset sale. An acquisition is akin to an asset sale when the acquiror imposes
its own structure and organization on the acquiree. In so doing, the acquiror foregoes the knowhow and the
core competencies embedded in the acquiree’s structure and organization, but avoids the costs of CCD. An

acquisition is akin to a merger when the acquiror conserves the acquiree’s structure and organization.



Joint operations within a merged firm end with the superseding of one organizational form
by the other; the two organizational forms are those of the original merging firms. An asset
henceforth is operated with the knowhow and the core competencies of a single firm, one
of the original two firms. The knowhow of that firm nonetheless has been increased by the
process of knowhow acquisition that has taken place during the period of joint operations,

be that within an alliance or a merged firm.

Which partner buys out the other in an alliance, and which organizational form su-
persedes the other in a merger depend on the allying firms’ combined knowhow and core
competencies in an alliance, and on the merging firms’ core competencies alone in a merger.
In the latter case, joint operations within the merged firm do not end before the original firm
with higher core competencies has acquired enough knowhow to become the best user of the
assets, in case it was not so at the time of the merger. In an alliance, joint operations may
end before the allying firm with higher core competencies has acquired enough knowhow to
become best user, if the cost of double moral hazard makes such acquisition prohibitively

expensive.

We show that an asset that is operated jointly within an alliance is always ‘sacrificed,’
in the sense that the asset itself would more profitably be operated separately without the
alliance than jointly within. The intuition is as follows. Suppose that an asset is more prof-
itably operated jointly within the alliance. Then, the benefit of joint operations within the
alliance—access to combined knowhow—dominates the costs of joint operations—double moral
hazard and CCD. This implies that the benefit of access to combined knowhow dominates
the cost of CCD. This is true for all assets: access to knowhow and CCD pertain to knowhow
and core competencies, respectively; both are firm-wide characteristics.® As a result, all as-
sets should be operated jointly, i.e., the two original firms should merge. Thus, if one asset
is operated more profitably within an alliance than separately without, a merger dominates
the alliance.

Now consider the case where no asset whatsoever is more profitably operated jointly
within the alliance than separately without. Somewhat counter-intuitively, it is precisely
in such a case that an alliance may dominate a merger. Operating a single asset jointly
within the alliance confines the cost of CCD to that single asset. This has a value when,
unlike in the previous case, the cost of CCD is not necessarily dominated by the benefit of
access to combined knowhow. The alliance may be chosen over separate operations because it
makes accessible to the assets operated separately without the alliance the knowhow acquired

through joint operations within.

There are three main implications to this finding. The first implication is that two firms

entering into an alliance will seek to put into the alliance as few assets as possible, subject to

6This is unlike double moral hazard which pertains to asset-specific resource contributions.



the requirement that the joint operation of these assets makes possible the desired acquisition
of knowhow. The second is that alliances are more likely to be entered into by large firms
than by small firms: large firms have more separately operated assets that can profit from
the knowhow acquired in the alliance; they also have a wider pool of assets from which to
choose the asset or assets to be ‘sacrificed.” The third implication is that an evaluation of
the alliance that would fail to account for the benefits for the operations without the alliance

of the knowhow acquired within invariably would suggest that the alliance destroys value.

To summarize, we provide the following answers to the questions we have asked. (i) Two
firms merge when they have similar core competencies. (ii) One firm buys the assets of the
other when the first firm dominates the second both in core competencies and in knowhow.
Finally, (iii) the two firms ally when one firm dominates in core competencies and the other
in knowhow. (iv) As few assets as possible are contributed to an alliance. Ideally, a single
asset—the least valuable asset that suffers the least from double moral hazard—is contributed.
(v) Both mergers and alliances come to an end. (vi) An alliance ends with the buyout of
one partner by the other. Whether the buying partner is that with higher core competencies
or higher knowhow—when these differ—depends on the cost of double moral hazard: (vii) the
higher the cost of double moral hazard, the more likely it is that the alliance is dissolved
before the partner with higher core competencies has acquired enough knowhow to become
the best user of the asset within the alliance. (viii) A merger ends with the superseding of
one organizational form by the other; the two organizational forms are those of the original
merging firms. (ix) The merger always lasts long enough for the original merging firm with

higher core competencies to see its organizational form dominate.

As noted above, relatively few papers have compared mergers, alliances, and asset sales.
Villalonga and McGahan (2005) have compared acquisitions, alliances, and divestures. Margsiri,
Mello, and Ruckes (2005) have compared growth via acquisition and organic growth. Dyer,
Kale, and Singh (2004) have compared alliances and mergers. Balakrishnan and Koza (1993),
Hennart and Reddy (1997), and Reuer and Koza (2000) have compared joint ventures, a form
of alliance, with a form of acquisition that has generally been akin to an asset sale under our
classification. Pisano (1989) and Oxley (1997) have compared various forms of alliances. All
these papers have provided numerous valuable insights. Many have considered various issues
that we do not, such as asymmetric information for example. However, none has explicitly

examined the acquisition of knowhow, which plays a central role in our analysis.”

Our paper is in the line of a series of papers which have applied continuous-time techniques

to problems of corporate finance.® This literature was given its early impetus by Leland

"The same holds true of what is probably the foremost theory of vertical and lateral integration, that of

asset specificity (see Williamson, 1985; Grossman and Hart, 1986; and Hart and Moore, 1990).
8For a nice survey of continuous time finance, see Sundaresan (2000).



(1994). Bernardo and Chowdhry (2002) study the pattern of firm growth. Lambrecht (2004)
and Morellec and Zhdanov (2005) examine the timing of takeovers. Lambrecht and Myers
(2005), examine a firm’s closure policy under the threat of takeover. Leland and Skarabot
(2005) compare mergers and separate operations with an emphasis on the tax benefits of debt.
Hackbarth and Morellec (2006) study stock returns in mergers and acquisitions. Finally,
Morellec and Zhdanov (2006) study the financing of takeovers.

Our finding that joint operations within a merged firm must come to an end recalls
Fluck and Lynch’s (1999) finding that mergers are followed by divestures.” Unlike the firms
of Fluck and Lynch (1999), however, ours have no wealth constraint and need not engage in

mergers for the sole purpose of overcoming such constraints.

From a modeling standpoint, our model builds on Habib and Mella-Barral (2006), which
incorporates knowhow acquisition in a continuous time corporate finance model. To study
the choice between mergers, alliances, and assets sales, we consider multiple assets; render
explicit the concept of core competencies; model the learning externalities that benefit assets
operated separately when other assets are operated jointly; and identify the subset of assets

optimally to be operated separately and those jointly.

The paper proceeds as follows. We present the model in Section 2. We solve the model
for the three cases of wholly unrelated, merged, and partially related operations in Section
3, and determine the optimal pattern of operation. We further analyze our solution and
derive various comparative statics results in Section 4. We provide some empirical evidence

in Section 5. We conclude in Section 6.

2 The Model

2.1 Basic Setting and Objectives

Consider a set J of assets j € {1;...;.J} that can be owned and operated by one or both of
two firms a and b. The set J can be divided into three non-overlapping subsets J,, J,, and
Jab, Where J; consists of the assets that are operated by firm i alone, i € {a;b}, whereas Jy
consists of the assets that are operated by the two firms jointly.'® At the initial date t = 0,
no asset is operated jointly, i.e., J,, = ©. Any asset can be traded between the two firms at
any date ¢t > 0.

At any date ¢t > 0, an asset can be operated solely by a single firm or jointly by the two
firms. The operation by firm i of asset j yields instantaneous revenue R;(.) at instantaneous

cost C;;(.) to firm i. All assets may be made worthless by a common exogenous shock at

9Gee also Kaplan and Weisbach (1992).
loja U UJw=Tand Jo N Ty =Ta N Tap = To N Tap = D.



some random date #, modeled as a stopping time with constant intensity A\ € R**.}!

The focus of the present paper is on the pattern of asset operation by the two firms a and
b. An asset can be operated by one firm alone or by the two firms jointly. Joint operation

may involve all assets or only a subset of assets.

e One polar case is where the two firms’ operations are wholly unrelated. All assets are
operated separately by one or the other firm, and no asset is operated jointly by the
two firms. We have J,;, = O.

e The opposite polar case is where the two firms’ operations have been merged. Within
the merged firm, all assets are operated jointly by the two organizations that correspond
to the original merging firms. We have J,, = J. Joint operations within a merged

firm may end.

e An intermediate case is where the two firms’ operations are partially related by means
of an alliance. Some assets are operated jointly within the alliance, and the remaining
assets are operated separately by one or the other firm. We have J,, # O, and assets
in the remaining subsets, J; for i € {a;b}, are operated separately. The alliance can

be dissolved.'?

We view the pattern of asset operation as determined by the interplay between three
main forces. First, the dynamics of firm knowhow: joint operations (i) yield synergies that
arise from the aggregation of the two firms’ knowhow and (ii) make possible the acquisition
by each firm of part of the other firm’s knowhow. Second, the problem of double moral
hazard: each of the two firms jointly operating one or more assets within an alliance makes
its resource allocation decisions so as to maximize the value of its own stake in the alliance,
rather than the entire value of the alliance. The problem of double moral hazard arises
neither under separate operation of an asset, nor under merged operations. In the latter
case, a single management team makes its resource allocation decisions so as to maximize
the value of the entire firm born of the merger of the two original firms. Third, the difficulties
that arise from having different organizations work together. Different organizations have
different core competencies, and an organization with higher core competencies is somewhat
penalized by working together with an organization with lower core competencies. CCD
(core competencies difference) affects all assets in a merger, whereas it generally affects only

a subset of assets in an alliance. CCD ends with the ending of joint operations.

1 This means that, at any date ¢ < ¢, the probability of liquidation before ¢t + A is approximately AA. See

Artzner and Delbaen (1990), Lando (1994), and Jarrow and Turnbull (1995) for further details.
12Note that an alliance in which all assets are operated jointly within the alliance, i.e., such that

(T, Tas Tp) = (T, 0, 0), is not equivalent to a merger. This is because, as will be discussed in the following
paragraph, an alliance suffers from a problem of double moral hazard whereas a merger does not.



A comment about terminology is in order at this point. When all assets are operated
jointly within a merged firm, it is not quite correct to speak of the assets as operated by the
two firms a and b, for a merger combines these firms into a single firm. It is however correct
to speak of the asset as operated by two organizations, those corresponding to the original
merging firms a and b. A merger in which the assets are operated by the organization of
only one of the two merging firms is in fact an asset sale: an organization embeds knowhow;
the superseding of an organization is the foregoing of its knowhow. Because the term ‘firm’
is more natural in some settings and the term ‘organization’ in others, we shall use both
terms in this paper.

2.2 Detailed Specification of the Model

We now turn to the detailed specification of the model. The operation of asset j € J at

date ¢ € [0;7] yields instantaneous revenue

Rj(e(t)) = g (e(®)", (1)

at instantaneous cost to firm i € {a;b} operating the asset alone or jointly with the other

firm

Cijeii(t) = “ig(t) = (2)

h(k(t) ki)

where e(t) = (e;;(t)) and e; () € R denotes the resource contribution made by firm
towards asset j at date t; 7; € (0,1) indexes the dependence of profits on resources as
compared to knowhow and core competencies (see below); k(t) = (k;(t)) and k;(t) € R**
denotes the knowhow of firm 7 at date ¢; and x; € R™* denotes the core competencies of firm
. In words, the revenues obtained from operating an asset and the costs of operating the
asset increase in the resources contributed to the asset. Higher skills on the part of a firm
contributing resources to the asset decrease the cost of contributing such resources. Higher

skills may take the form of higher knowhow or of greater core competencies.'3

Revenues vary depending on whether the asset is operated separately by a single firm or

jointly by the two firms. Specifically, we have

e; (1) if firm i operates alone ,

-1
(52“52”) €a;(t)% e, ;(t)%  if the two firms operate jointly .

gi(e(t)) = (3)

The constant d; € (0,1), which appears only in the case of joint operation of the asset,

indexes the dependence of the revenues generated by asset j on firm ¢’s contribution relative

13Note that knowhow may change over time, whereas core competencies do not. We return to the distinc-
tion between knowhow and core competencies below.



-1
to that of the other firm. We have 9, + 9, = 1. The factor (52“52”) ensures that no built-in

advantage is artificially conferred to either joint or separate operations.'

As do revenues, knowhow differs depending on whether the asset is operated separately

or jointly. Specifically, we have

k;(t)  if firmioperates alone ,

h(k(t)) = { (4)

k if the two firms operate jointly ,
where k € R** denotes the two firms’ aggregate knowhow. We have k < ko(t) + ky(2).'
To keep the analysis focused, we assume aggregate knowhow remains constant over time.
With (4), joint operations yields synergies that arise from the aggregation of the two firms’
knowhow. In the absence of such synergies (k,(0) = k;(0) = k), (3) ensures there are no

benefits to joint operations.

When two firms are engaged in joint operations, each firm’s knowhow changes over time
as each firm acquires part of the other firm’s knowhow. We write firm i’s knowhow at a
date ¢ as the sum of its initial knowhow and the knowhow it gained while engaged in joint

operations
ki(t) = ki(0) + k(). (5)

We impose a number of conditions on the gain function, k;(¢). These conditions are
intended to capture the following:

(i) A firm’s knowhow never decreases; hence, the gain in knowhow is a non-decreasing
function of time.

(ii)) A firm’s knowhow does not jump through time; hence, the gain in knowhow is a
continuous function of time.

(iii) A firm’s knowhow initially equals k;(0); hence, the gain in knowhow initially equals
7Z€ero.

(iv) A firm’s knowhow is at most equal to the two firms’ combined knowhow, k; hence,
the knowhow gained by a firm is at most equal to the difference between the two firms’
combined knowhow and that same firm’s initial knowhow.

(v) The acquisition of knowhow is an uncertain process; hence, the gain in knowhow is

"For a given total resource contribution, e, ;(t) + e ;(t) = €;(t), revenues under separate operations
equal those under joint operations with optimal contributions by the two firms: when a single firm operating
the asset alone contributes resources &(t), we have R;(e(t)) = €;(t)?; when firm i jointly operating the
asset with the other firm contributes a share J; of the same total resource contribution, &(t), we also have
R;(e(t)) = €;(t)?7. Resource contributions in the ratios e, ;(t)/é(t) = d, and ey ;(t)/é(t) = d, are optimal
in that R;(e(t)) = é(t)" for these two ratios whereas R;(e(t)) < &(t)* for any other ratios.

15The equality k = kq(t) + ky(t) corresponds to the extreme case of no overlap between the two firms’
knowhow.
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an increasing function of a stochastic state variable, z;, that reflects how favorable learning
conditions are.

(vi) A firm’s knowhow is constant under separate operations; hence, the gain in knowhow
is constant under separate operations.

A simple functional form that conforms to the preceding conditions is'®

Ty

O = (- ko) - £ ©)

In order to satisfy conditions (i), (ii), and (iv), the state variable, &, that reflects learning
conditions must be positive, continuous, and non-decreasing through time. Condition (iii) is
satisfied by imposing &y = 1. Condition (vi) is satisfied by requiring Z; to be constant under

separate operations.

We take 7; to be the historical maximum of an upwards drifting geometric Brownian
motion, z;, over the intervals of time, 7;, at date t, during which the firms have operated
jointly one or more assets

:%tzmafrxxT, where zg = 1, dxy; = pxydt + ox;dBy (7)
TE Tt

(u,0) € R™ x R™, and B, denotes a standard Brownian motion. We further assume that

x; is constant under separate operations.'”

Unlike knowhow, core competencies can be neither aggregated nor acquired. Thus, some
but not all the skills of a firm can be combined and acquired. We call knowhow the skills

that can, and core competencies those that cannot.

Throughout, we assume that there are no asymmetries of information, that capital mar-
kets are frictionless, that agents are risk neutral, and that they may borrow and lend freely
at the constant, risk-free rate of interest, ro € R1*.

To summarize, the following parameters characterize the model: {k;(0); k; s;; 6;} for each
firm ¢ € {a;b}; {v,} for each asset j € J; {p; 0} for learning conditions; and {ro; A} for

external economic conditions.

2.3 Contracts and Institutional Arrangements

Initial payments: Regardless of whether a merger, an alliance, or an asset sale is chosen by
the two firms, a payment must generally be made from one firm to the other. In an asset

sale, the seller of the asset must be compensated for selling the asset. Such compensation

16Tn addition, the functional form (6) delivers closed form solutions and finite resource contributions.
17This ensures that, in accordance with condition (ii), there is no jump in knowhow in case joint operations

should start at a date ¢ > 0.
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generally takes the form of a cash payment. In an alliance, the owner of the asset that is to be
operated jointly must be compensated for bringing the asset into the alliance. Furthermore,
the firm that is expected to make the greater contribution to the alliance, by virtue of its
greater knowhow or core competencies, must be compensated by the other firm for making
that greater contribution. The same considerations apply in a merger, but whereas the
compensation is generally paid in cash in an alliance, it may be paid in shares in a merger.
Whether in cash or in shares, the compensation is likely to be bargained over by the parties.
We assume costless bargaining. We adopt the generalized Nash bargaining solution, and
denote 3;, 0 < 3; < 1, the bargaining power of firm ¢, with 3, + 0, = 1.

Sharing of revenues: We assume the revenues from each individual asset, R;(e(t)) for j € J,
are both observable and verifiable. In contrast, the resources contributed to the operation
of the assets, e(t), are neither observable nor verifiable. Finally, we assume that the state
variable, x;, is observable but not verifiable. In an alliance, the two firms taking part in
the alliance are therefore limited to writing contracts that are conditioned on revenues. We
consider contracts that promise each firm a constant share ¢; ;, 0 < ¢;; < 1, of the revenue
from each individual asset operated jointly within the alliance, R;(e(t)) for j € Ju, with
Gaj + ¢p; = 1."® In a merger, as the original two firms have become a single firm whose
resource allocation is decided by a single management team, revenue shares have no incentive
effect. Instead, ownership shares in the merged firm compensate the merging firms for the
contributions they have made to the merger. We assume that each merging firm owns a
constant share ¢;, 0 < ¢; < 1, of the merged firm, with ¢, + ¢, = 1.1

Rules for dissolving the alliance: The possibility of dissolving an alliance suggests the need for
a contract that sets the terms of dissolution. In particular, the contract must specify the
manner in which the value of each asset j € J,, hitherto operated jointly within the alliance
but now to be operated separately by one or the other firm, must be divided between the
two firms. We consider dissolution rules that make the payoffs to each firm an affine function
of the value of each asset to the firm that can best use that asset. We impose the constraint
that these rules be renegotiation-proof, as regards both the time of dissolution and the price
to be paid by one partner to the other at that time. This is in order to avoid the distortion
to resource contributions that would otherwise arise from ex post bargaining over time and

price.?? Thus, although our model allows for renegotiation over both the time of dissolution

8Note that the inequalities are strict as each firm must be induced to make some non-zero contribution

to the operation of the asset.
19Were a merging firm to be compensated exclusively with cash, the inequalities would be weak rather

than strict. Without loss of generality, we assume that both merging firms own a stake in the merged firm.
20Note that there is no such concern in a merger. The end of joint operations within a merged firm is

decided upon by the single management of the firm, whereas the end of joint operations within an alliance—the

dissolution of the alliance—is negotiated over by the distinct managements of the allied firms.
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and the price to be paid at such time, the exit contract we derive is such as to deny the

partners the incentives to engage in such renegotiation.?

3 Solving the Model

In this section we first examine the value of the assets when the two firms’ operations are
(i) wholly unrelated, (ii) merged, and (iii) partially related. We then compare these three
values for the purpose of determining the pattern of operation chosen at the outset. We

further analyze the solutions obtained in Section 4.

Besides being a prelude to Section 4, the present section is important in its own right,
for it characterizes the dynamics of joint operations. In particular, it establishes the result
that joint operations always must end, to be abandoned for separate operations. The section
computes the state in which joint operations end, and identifies the best user of the hitherto
jointly operated asset or assets at the end of joint operations. Interestingly, that best user

need not be the firm with higher core competencies in an alliance, although it is in a merger.

3.1 One Polar case: Wholly Unrelated Operations

This first section assumes that the separate operation of all assets 7 € J is the superior
pattern of operation at the date t; > 0. As knowhow is constant under separate operations,

these remain the superior form of organization for all ¢ > .
At date the t > ¢, the value to firm ¢ of operating asset j separately is
+o0
Vigarh(t)) = max {5 | [ o070 (Ry(e() = Cuglens() Teandr] . 9
ei,]- . t
where g;(e(7)) in R;(e(7)) equals e; j(7) and h(k(7)) in C; j(e; j(7)) equals k;(ty). The factor

l{1<fy is a random variable that equals 1 for all dates prior to the event of liquidation and 0
afterwards. Note that in writing (8), we have used the fact that knowhow is constant under
separate operations, k;(t) = k;(to) for all ¢ > t.

We show in the Appendix that

Viju(ki(to)) = ni(2,) Ty, (9)

21OQur model also allows the two firms to renegotiate their shares of an ongoing alliance. However, as we

shall see in Section 3.3, the stationary nature of the problem implies that the firms have no incentive to

engage in such renegotiation.
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and the instantaneous resource contribution made by firm 7 to asset j at date 7 > ¢ is

1 1

eig(t) = i)y 7, (10)
%
(1—7)7 °

where T; = #, (11)
(k=K

and n;(%,) = (k—ﬂ) Ki - (12)
T

The factor I'; is intended to simplify the notation throughout the paper. It is in effect a
perpetuity factor, adjusted to reflect liquidation risk as well as the importance of resources

as compared to knowhow and core competencies. Note that I'; is decreasing in ;.

The operator n;(Z;) is at the heart of the comparisons that follow. From (5) and (6), we
have n;(2;) = k;(t) k; . The operator n;(i;) therefore indexes the instantaneous profitability
at date t of operation by firm ¢ with knowhow k;(¢) and core competencies ;. Observe that

n;(#;) does not depend on j: the index of instantaneous profitability is identical for all assets.

We define the two operators

m(zy) = mlax{ni(it)}, (13)
and i(t) = argmlax{ni(it)}. (14)

The first operator, m(Z;), denotes the maximum instantaneous profitability at date ¢. The
operator i(t) € {a;b} identifies the firm that can achieve that maximum. We refer to
that firm as the best user at date ¢. From the observation that the index of instantaneous
profitability is identical for all assets, we infer that the best user of one asset at date ¢ is the

best user of all assets at that same date.??

The constancy of knowhow under separate operations implies that Z(t) is constant over
time: Constant knowhow (k;(t) = k;(to) for all ¢ > ¢,) implies constant profitability (n;(Z;) =
n;(Zy,) = ki(to) k; for all £ > ty); this in turn implies that the best user at date t; remains
best user throughout (i(t) =i(t,) for all t > ;). As a result, the best user at date ¢, should
operate all assets at all dates t > t,. If 7 is the initial owner of asset j at date %y, ¢ should
sell § to i(t) at to in case i # i(to).

As noted in Section 2, we adopt the generalized Nash bargaining solution to determine
the price, p;r(to), at which i sells j to i(ty). In order to simplify the notation, we define

i~ =i(ty) when i # i(ty). The sale price of j can be shown to equal®

pjw(te) = Bi Vi ju(ki- (o)) + Bi- Viju(kilto))- (16)

22We return to this somewhat extreme result in the Conclusion.
?3The incremental value for firm i~ of buying the asset is V;- ; (k;- (to)) — pju(to). The incremental
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The value to firm ¢ at date t5 > 0 of separate operations, including the value of the option

to trade one or more assets, is

Uz,U(k(tO)) = ZUi,j,U(k(tO))a Where (17)
JjET
Vigu(ki(to)) if j €J and i=i(t),
_ — piv(te) + Viju(ki(to)) if j ¢ Jiand i=i(ty),
U . v(k(ty)) = . 18
auk(to)) pj.u(to) if j € J and i#i(ty), (18)
0 if j ¢ J; and i #i(ty),

with V; ;v (ki(to)) and p;u(to) given by (9) and (16), respectively.
Note that, as the two firms internalize the option to trade the assets, the total value of

separate operations to the two firms, including the option value of trading assets, equals the

value of each asset operated by the best user, summed over all assets

Wok(ty) = Uso(klto)) + Upo(k(to) = 3 Vigguulbig(t)  (19)
JET
= mii) 3T (20)
JjeT

3.2 The Opposite Polar Case: Merged Operations

The second section assumes that the joint operation of all assets j € J within a merged firm
is the superior pattern of operation at date tq > 0.

The End of Joint Operations: Joint operations within the merged firm need not be

t.2* The joint operation of all assets by the two organizations that correspond to

permanen
the original merging firms may end, to be replaced by the separate operation of every asset
by one or the other organization. For the same reasons as in Section 3.1, that organization
is the same for all assets, i.e., one organizational form entirely supersedes the other within

the merged firm.?

value for firm i of selling the asset is p; (to) — Vi j,u(ki(to)). The Nash solution is characterized as

B;- Bi
a Vi- su(ki-(to)) — pju(t cu(te) = Viio(ki(t . 15
e L (e ol o) = i (t0) (o) = Vit (19

24Unlike joint operations, separate operations necessarily are permanent. Should the separate operation
of a given asset dominate the joint operation of that asset at a given date, separate operations dominate
at all further dates. This is because both knowhow and learning conditions remain unchanged during the

phase of separate operations that follows the end of joint operations.
25There is therefore no divesture or demerger in our model, in the sense that there are no circumstances

in which some assets are operated by one organization and other assets by another organization following
the ending of joint operations. We return to this somewhat extreme result in the Conclusion.
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The organizational form that supersedes the other is that of the original firm that has
been made best user at the date at which joint operations end by its knowhow at that date
and its core competencies. We refer to that date as the superseding date, which we denote
t, t > ty. The value to the best user z( ) of operating asset j separately at a date t > ¢

equals Vi 1 (Kip) (t)) given in (9). Summing over all assets, the value of the assets at the

A

superseding date is W*(f) = Yica ViinioKiay (@) =m(is) >25c, 15
In order to determine the identity of the best user at the superseding date, it is useful to

examine the dynamics of (¢) under joint operations. From (4) and (6), we can show that

arg min;{x; } if 7, < o*
k, — k o
where z* = 1 + (0) dOL (22)

k (ko — Kp)
That 2, is non-decreasing in time has the implication that follows: A firm made best user at
date t by virtue of its higher core competencies remains best user at all subsequent dates.
In contrast, if the firm with higher core competencies is not best user at the date ¢, the
opportunity for learning present under joint operations implies that there will come at time
at which that firm becomes best user.

The preceding implies that if the best user at the date ¢y at which the merger takes
place has higher core competencies, i.e., if i(ty) = argmax{s; }, then the best user at the
time of the merger is also the best user at the time of superseding, i(f) = arg max{; } for
all £ > t,. If instead the best user at the time of the merger has lower core competencies,
i(ty) = argmin{; }, then that user is also best user at the time of superseding if superseding
occurs before a threshold date ¢*. If superseding occurs after ¢*, the best user at the time
of superseding is the firm with higher core competencies. Formally, if i(t,) = arg min{s; },
then i(f) = argmin{s; } for ty < f < t* and i(f) = argmax{k; } for £ > t*. The (random)
threshold date ¢* is such that k,(t*) K, = ky(t*) Ky, i.e., it is the date at which learning
conditions reach the threshold state x*.

The Value of the Merger: The merged firm has access to the aggregate knowhow of the
two merging firms, k. It does not suffer from the problem of double moral hazard, as a single

management team makes all resource allocations decisions.

At date t, ty < t < t, the value of the merged firm is

i
Wu(k) = rnax()A E; /exp (r=1) E {Rj(e E Cijlei; (1)} Lrary dT
t t

ea,]‘(.),eb,j <) jeT ZE{a b}

+ E; [eXp—ro(f—t) W*(1) 1{£<t_}]} , (23)
-1
where g;(e(r)) in R;(e(r)) equals (626]") " eqi(r)4 ey5(r)" and A(k(r)) in Cyjei (7))
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equals k. There is no double moral hazard problem in that resource contribution are made
to maximize the value of the entire merged firm, rather than the stakes owned by the original
firms: e;;(7) = argmax,, (- [Wa (k)]

Two features of problem (23) make it tractable. First, the optimization problem regarding
the choice of superseding date is time homogeneous: the gain in knowhow k" (¢) in (6) being
an increasing function of the state variable Z;, the optimization problem is weakly path
dependent in the historical maximum of the geometric Brownian motion x; over the duration
of joint operations.?® Hence, the optimal time of superseding, ¢, is the first time z, reaches
some upper, time-independent threshold level. That is, there exists a constant & such that
t =inf{t |z, = #}. We refer to # as the superseding state. Second, instantaneous resources
contributed to the operation of a given asset affect neither the gain in knowhow k;"(¢) in (6)
nor the revenues from the operation of that same asset at another time or from the operations
of any other asset at any time. Optimization over ¢ and each e;;(7) forall i € {a;b}, j € T,
and 7 >t is therefore separable.

We show in the Appendix that

Wu(k) = Yu Zu, (24)
where Yy = m ZF]- , (25)
jeT
Iy = 1 4 — {moo 1] (‘/’“0)E (26)
N () i)
m o= k(K kD) (27)
m® = xll)rgo i (T) = k max{f@i} : (28)
and & = 2002/2 — i+ /(1 — 02/2)2 4 2(rg + N)o?] . (29)

The instantaneous resource contribution made by the organization that corresponds to the

original firm 7 to asset j at date 7 >t is

B 1—7]- 1

eijm(T) = 6 (kwi) 7 m’yjlﬂj : (30)

Superseding takes place the first time the state variable x; reaches

P 1 +§ (moo - ”Z(i)(@m)) . (31)

£ m>® —m

Like n;(Z;) in (12), m is an index of instantaneous profitability. Unlike n;(#;), m depends

neither upon the identity of the user of the asset, 7, nor upon learning conditions, ;. This is

26Equilibrium strategies are thus Markov, open loop (i.e., state dependent) and perfect state (i.e., with

perfect information).
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because the asset is operated jointly in a merger, with aggregate knowhow & that does not
depend on learning conditions.

Note from (12) and (27) that m further differs from n;(Z;) in that its implied core com-

da

o mgb) is a geometric average of those of the original two firms a and b. This

petencies (k
gives rise to what we refer to as the cost of core competencies differences, CCD for short.
All else equal, it is clearly preferable for resources to be contributed solely by the firm with
higher core competencies. However, all else is not equal, and knowhow in particular differs
under separate and joint operations. Thus, when joint operations within a merged firm are
chosen, and resources are contributed to each asset through two organizations co-existing
within the same merged firm, the organization with higher core competencies will be some-
what penalized by having to work with a counterpart with lower core competencies. The

two organizations are those of the original two firms that became the merged firm.

The value of the merged firm Wy, (k) consists of two components. The first component Y,
denotes the value of the merged firm absent the possibility of superseding. That component
closely resembles the values W*(f) of separate operations starting at the superseding date,
t, and Wy (k(t)) of separate operations starting at the date t,. It differs from these in that

the merged firm draws on aggregate knowhow, &, but suffers from CCD, % KfZ”.

The second component Zp; > 1 is the option value of superseding. The amount by
which that value is greater than 1 is the normalized gain obtained on superseding at date ¢,
discounted to date t5. The ratio (Z;,/2)¢ is the probability adjusted discount factor. That
ratio represents the present value at ¢y of one unit of currency obtained at the superseding
date. The gain obtained on superseding can be factored into two components. The ratio

> — m)/m represents the normalized gain from superseding, under the hypothesis that

(m
superseding takes place with full knowhow having been acquired. The ratio 1/(1+¢) reflects
the reality that optimal superseding well predates the acquisition of full knowhow: discount-
ing makes waiting for full knowhow excessively costly. Note that there is no corresponding
option value under separate operations: once chosen, separate operations remain the superior

pattern of operation.

As learning conditions reach the superseding state, , with probability 1, supersed-
ing occurs with probability 1. The best user at the superseding date is shown to be
i(f) = argmax;{s; }. That is, the best user at the superseding date is the original firm
with higher core competencies. The intuition for this result is as follows: joint operations are
abandoned for separate operations only when the latter are more profitable. The higher prof-
itability of separate operations cannot possibly be ascribed to higher knowhow, for knowhow
is highest under joint operations. Higher profitability therefore must be ascribed to higher
core competencies. This result implies that the ending of joint operations within a merged

firm does not occur before the original firm with higher core competencies has acquired
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enough knowhow to become best user, in case it was not best user at the time of the merger.

The superseding state, & in (31) increases in m and decreases in 7;; (44,). The intuition
for the former is as follows: the higher the instantaneous profitability of merged operations,
the lower the cost of CCD, and the lower therefore the incentive to end joint operations
through superseding in order to put an end to such cost. The intuition for the latter is
follows: the higher the instantaneous profitability of the use of the assets by the firm with
higher core competencies with the knowhow that firm has at the time of the merger, the
lower the increase in profitability from knowhow acquisition by that firm during the period of
joint operations, the lesser the incentive to continue joint operations and bear the attending
cost of CCD.

Although no asset is sold at date ¢y in a merger, each merging firm must be compensated
for the assets and other contributions that it makes to the merger. As for separate operations,
we adopt the generalized Nash bargaining solution to determine that compensation. Assume
that the merging firm ¢ is to own a share ¢; of the merged firm, and denote p; r(¢;) the
(possibly negative) payment from firm ¢ to the other merging firm ¢~ at the time of the

merger, i.e., p; (@) = —pi- ar(¢i-). That payment can be shown to be*’
pin(di) = Bi [Uuv(k(to) — ¢ Wu(k)] + Bi- [0 Wu(k) — Uip(k(t))] . (32)
The value to firm 7 at date t, > 0 of a merger is

Uin(k(to)) = Uiw(k(te)) + B [Wa(k) — Wy(k(to))] , (33)

with U; ir(k(t)), Wy (k(to)), and Wy (k) given by (17), (20), and (24), respectively.

Note that Wyr(k) = U ar(k(to)) + Usar(k(to)), and that the payment, p; ar(¢;), from
firm ¢ to firm ¢~ at the date of the merger, ty, depends on firm ¢’s share of the merged
firm, ¢;. Consequently, there exists a sharing of the merged firm that ensures that no cash

payment is required at date t;. We denote such sharing gzNSZ and show that

(Ll _ ;) Wikt

Wy (ko)) gy e 8

¢ = {0 | pina(e) =0} W (k)

— b
3.3 An Intermediate Case: Partially Related Operations within

an Alliance

The third section assumes that the joint operations of some (but generally not all) assets

jointly by the two firms within an alliance is the superior pattern of operation at date ¢, > 0.

2"We assume that the assets would be operated separately by the best user in the absence of an agreement

to merge. The incremental value of merging for firm i~ is ¢;- War(k) + pim(¢i) — Ui- v(k(to)). It is
i War(k) — piv(¢) — Usr(k(to)) for firm i.
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The assets not operated jointly are operated separately by one or the other firm. Thus,
T C J and Ty # 0. As noted in Section 2.3, we consider contracts that promise each
partner a constant share ¢; ;, 0 < ¢; ; < 1, of the revenue from each individual asset operated
jointly within the alliance, R;(e(t)) for j € Jup, with ¢, ; + ¢p; = 1. We initially take each
share, ¢; ;, as given. We later derive its optimal value.

Dissolution of the Alliance: Should the two firms choose to put an end to joint operations
and thereby dissolve the alliance at a date ¢ > t;, all assets hitherto operated jointly within

28 The value to firm i of operating asset

the alliance henceforth are operated separately.
j € Jup separately at a date t > ¢ equals V; 7 (k;(%)) given in (9).

Recall from Section 2.3 that we seek a renegotiation-proof equilibrium. A first necessary
condition for such an equilibrium is that the rules that govern dissolution allocate all hitherto
jointly operated assets to the best user at dissolution. Thus, in case the alliance should be
dissolved at the date ¢, dissolution rules should be such as to allocate all assets j € Jup to
i(t) defined in (14).

As in Section 3.2, the dynamics of i(t) can help determine the identity of the best user
at dissolution. This is done by comparing the state of learning conditions at the time of
dissolution # with the threshold state 2* defined in (22). It can be done already at the
time of alliance formation, ¢5. The first necessary condition for renegotiation-proofness can
therefore be satisfied by specifying in the alliance contract the identity of the firm to which

the assets operated jointly should be allocated at dissolution.

A second necessary condition for the equilibrium to be renegotiation-proof is that the two
firms’ privately optimal dissolution times coincide. This is because there would otherwise
be renegotiation to a common dissolution time. Let #; denote firm ’s privately optimal
dissolution time. Renegotiation-proofness thus requires that ¢, = #,.2? To each firm, though,
renegotiation-proofness simply means that dissolution takes place at the minimum of the
two privately optimal dissolution times.3°

We consider dissolution rules that make the payoff to each firm an affine function of the

value of each asset j € J,; to the best user at dissolution, i(f). Specifically, firm i’s payoff

at dissolution, i € {a; b}, is of the form

pi + > iy Vi o k@) =@ + m(@) Y iy L, (35)

]Ejab jejab

28We assume that no partial dissolution is possible. It is therefore impossible to remove some assets from

the alliance but keep other assets within.
29The equality of the privately optimal dissolution times makes such time jointly optimal as well. There

is therefore no possibility of increasing the parties’ joint payoff by changing the time of dissolution.
30The equilibrium we seek is therefore a Nash Equilibrium in which (i) both firms expect no renegotiation,

(i) each firm chooses its privately optimal dissolution time, (iii) the dissolution rules ensure that the two

firms’ optimal dissolution times coincide, and (iv) neither firms wishes to renegotiate.
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where ¢; € R and ¢;; € (0,1). The constraint that the two payoffs add up to the combined
value of the assets to their best users implies ¢, + ¢, = 0 and ¥, ; + 3 ; = 1

The Value of the Alliance: The maximization problems solved by firms a and b are

Var(t) = max.,, o { B[ exp 00 Py(r) Lragr| + Bfexp @0V () 1] b
i€ ) (36)
Vip(t) = max. (), {Et [ftt exp "1 Py(1) 1{T<t}d7'] + E; [exp G VVE(t )1{t<t}]}
JjET
The components of the maximization problems in (36) are as follows. The time of dissolution
is t = min{ to: b }. The instantaneous profitability at date 7 of both joint operations and

separate operations by firm ¢ is

P(r) = Y. Pyr). (37)

JETapUT;
where P, jcz,(T) = éijRjeg,(e(T)) — Cijlei;(r)), (38)
and  Pjer(T) = Rjeg(e(r)) — Ci e (r)) - (39)

Instantaneous profitability, P;(7), is thus the sum of (i) the instantaneous revenues from all
assets j € Ju operated jointly within the alliance, net of the costs to firm 7 of the resources
contributed to these assets and (ii) the instantaneous revenues from all assets j € J; operated
separately by firm i, again net of costs. Finally, V;*(#) is the sum of the payoff to firm i from
dissolution at date ¢ and the value at that same date of those assets that were and remain

operated separately by firm

Vi) = o+ Y iy Vi ke @) + > Vigo(k() (40)

JE€ETab JET;

We denote Wp(t) the total value of all operations, both joint and separate
Wp(t) = Va,p(t) + V;),p(t) . (41)

An alliance presents both advantages and disadvantages. On the one hand, the two firms
combine their respective knowhow and therefore take advantage of aggregate knowhow, k,
in operating the assets within the alliance. Furthermore, despite not being able to combine
knowhow in operating the assets without the alliance, each firm can take advantage in
operating these assets of the knowhow it has acquired from its partner in the alliance.
Throughout the duration of the alliance, the knowhow that each firm can apply to its separate

operations increases with z;.

On the other hand, each firm i € {a;b} chooses its instantaneous resource contribution,
e; j(7), to each jointly operated asset j € J,, to maximize only its share of the revenues from
the asset, P, ;(7), rather than the total profitability of the asset.
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Formally, the contrast between joint and separate operations can be expressed as such.

%a ¢, ;(T)% and costs have

Under joint operations, revenues have g;(e(7)) = (52“ 62”) B €a,;(T)
h(k(r)) = k. Under separate operations, revenues have g;(e()) = e;;(7) and costs have
h(k(7)) = ki(t) = k;(0) + ki (t), with k() given in (6).

As for problem (23), two features of problem (36) make it tractable. First, each firm’s
optimization problem regarding the choice of dissolution time is time homogeneous. Each
partner’s privately optimal time of dissolution, #;, is the first time z; reaches some upper
time-independent threshold level. That is, there exists a constant #; such that #; = inf{¢ |
x; = &; }. Second, for each firm i’s optimization problem, optimization over t; and each
e;j(7) for all i € {a;b}, j € J, and 7 > ¢ is separable.

We initially assume that the dissolution rules are renegotiation-proof. We show later in
this section how they can be made so. Under the assumption of renegotiation-proofness, we

show in the Appendix that

Vel = V0 + D0 - vaed] (%) (42)
where V) = ) VR, (43)
JE€ETapUT;

and V%5 (t) depends on whether asset j is (i) operated within the alliance, in which case,

5,J€Tab J o
. G (1 =5 )
with d,, = ’ , 45
7 1 — 7 (¢a,j 00 + Pb.; Op) (45)
1 — i (Gn.i0a.i ) 1
py = O LR (g ] (1)
j

or (ii) operated separately with knowhow that gradually increases over time as firm i acquires

some of the other firm’s knowhow through joint operations of one or more assets other than

asset 7,
eq ) = ni(qt)) Ty, (47)
~1
i - 5 1y [ Tt ¢
with ¢(t) = [1 -(1-Q )<T>] (48)
Ty
-1 3
ar a1 a2 o
Q= |—|[1l+H—m—m—m== |t |l - —— , (49
51 s1v/2 51 + af ’ /21 + a2 2(p — o?) (49)
2
- 2
o
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The instantaneous resources contributed by firm 7 at dates 7 € (¢,1) are

€ijed,(T) = 0ij [¢ij ¢gf’j] e um(T) (51)

1 #

eijen(T) = mi(@) g 7 (52)
The alliance is dissolved the first time the state variable x; reaches

>jesli — Q' D je\Tm L
Zjejab ([m> —m hy] L)) ,

T =

1+<
¢ (53)

[m> — LA, (%)) [

where m®™ is defined in (28). We refer to & as the dissolution state.

It is interesting to compare these results with those obtained in the two preceding cases
of wholly unrelated operations and merged operations. Consider for example V5., () in
(44) which, when added for the two firms a and b, denotes the value of the joint operation of
asset 7 within an alliance, excluding the value of the option to put an end to such operations
through the dissolution of the alliance (this option is reflected in the second term on the
RHS of equation (42)). Compare V23, (t) + Ve, (t) with the term mT; in Yy, in (25),
which represents the value of operating asset 7 within the merged firm, excluding the option
to supersede. The difference between the two expressions is the presence of the term h; in
(44). That term is less than 1, and arises from the presence of the problem of double moral
hazard in the alliance.®" The term h; does not appear in (25) because there is no problem
of double moral hazard in a merger. Note that both alliances and mergers suffer from CCD,
which is reflected in m. That alliances may be preferred to mergers, despite the presence of
moral hazard as expressed by h;, is due to the option to include only a subset of assets in
the alliance, as compared to the requirement to include all assets in a merger. This option
is valuable, for it limits the cost of CCD to those assets included in the alliance. In contrast,

all assets suffer from the cost CCD in a merger.

Now consider V%, 7 (t) in (47) and compare it to V; ;v (ki(to)) in (9). Both terms represent
the value of the separate operation of asset j by firm 7. These two terms would be identical
for the same starting date ¢y were it not for the fact that the term ¢(¢) in (48) differs from ;,
by the presence of the term in square brackets. This second term can be shown to be greater
than 1. It represents the value of applying to separate operations the knowhow acquired in

the course of joint operations.
A different but complementary perspective is obtained by comparing resource contri-
butions. On the one hand, comparing e; jc7,(7) in (51) with e;;a(7) in (30) shows the

detrimental effect of double moral hazard. On the other hand, comparing e; jc 7 (7) in (52)

311 both ¢,,; and ¢, ; were to equal 1, implying the absence of double moral hazard as each firm would

then be residual claimant to the entire resource contribution it has made to asset j, h; would equal 1.
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with e; j(7) in (10) shows that, when some assets are in joint operations within an alliance,
learning yields a positive externality on separate operations: &, > %y, for 7 > t,.

The alliance is dissolved with probability 1. The best user at dissolution need not be
the firm with higher core competencies: the alliance may be dissolved before that firm has
acquired enough knowhow to become best user, in case it was not so at the time of the
formation of the alliance.?? This is because the alliance suffers from the problem of double
moral hazard, which may be so costly as to prompt the dissolution of the alliance before the
firm with higher core competencies has become best user. The exact identity of the best
user at dissolution depends on the various parameter values, which affect the direction of

the ordering of & versus z*.

Turning to & in (53), note that the greater the loss in value created by the problem
of double moral hazard (the smaller h; in the denominator), the smaller #: moral hazard
decreases the time to dissolution. Also, the larger the benefits of knowhow acquisition
within the alliance for the assets without (the larger @) in the numerator), the larger Z: the

acquisition of knowhow increases the time to dissolution.

Note that it is not possible to draw any general conclusion as to which of dissolution or
superseding occurs first. Comparing Z in (53) with its counterpart for superseding in (31)
shows that while h; alone would decrease the time to dissolution below that to superseding,

(@ alone would do the opposite.

We show in the Appendix that a renegotiation-proof contract that maximizes the value
of total operations with some assets operated jointly within an alliance, Wp(t), consists of
(i) a rule ¢;; for sharing the revenues from each asset operated jointly within the alliance
J € Jap, With

(1—24)
— 7 +70:)

if 0, # 0y, and ¢; ; = 1/2 if §, = 6, and (ii) a rule 1; ; for allocating the value of the hitherto

jointly operated assets at dissolution, as well as a (possibly negative) transfer ¢; from firm

d)i,j = (\/1 + Niﬂ' — 1)/NZ,] s where Ni,j = 5(1 (54)

¢ to its partner, with

Z V; Z @bm i(6),5,U )

jejab ]ejab

Z Vig Vi o (k= iy (0) + 1= Q) Viju(k —k(0)| . (55)

JE€Tab JeT:

Note that N; ; is decreasing in ¢; and that ¢; ; can be shown to be increasing in N; ;. Thus,

32Note the contrast with mergers, where superseding does not take place before the firm with higher core
competencies has become best user.
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the more important firm ¢’s resource contribution to the profitability of asset j operated
jointly within the alliance, the larger must be firm 7’s share of the revenues from asset j.

Note also that ¢; in (55) depends on 1); ;. A multitude of dissolution rules is therefore
possible, with the transfer ¢; serving to make the two firms agree on a common dissolution
time for any given allocation of value at dissolution, 1; ;.

As for separate operations and for mergers, we adopt the generalized Nash bargaining
solution to determine the compensation paid by one form to the other at formation of the
alliance at date ty. The alliance is characterized by the sets (T, Ju, Jp) of jointly and
separately operated assets. We denote p; p the (possibly negative) payment from firm i to

firm i~ at date ¢y, i.e., p; p = —p;- p. That payment can be shown to be®
pip = Bi- [Vip(to) — Uiv(k(ts))] + B [Ui- v(k(t)) — Vi- p(to)] - (56)
The value to firm ¢ at date ¢, of an alliance (Jup, Ju, Jp) i8

Uip(te) = Usp(k(to)) + B8 [We(te) — Wu(k(t))] , (57)

with U; y(k(to)), Wo(k(to)), and Wp(ty) given by (17), (20) and (41). Note that U, p(ty) +
Upp(to) = Whp(to).

Optimal Alliance Structure: We now examine the choice of alliance structure upon
formation at date to. Both firms benefit from choosing the optimal structure (Jup, Jao, Jp) =
argmax(s,, 7..7,) Wr(to)-

We have established that the value of the assets at date ¢, with a given alliance structure

(Tabs Tay Tp) s
Welte) = > (mh;Ti)+ > > (nilqlte)) T))

JE€Tab ic{a;b} JET:

| @) —mn)Ty Y (@) - mia@) 1| ()" 68)

JE€ETab i€{asb} JET;

Consider first the assets that are operated separately, 7 € J, or j € J,. Given that an
asset can be traded, j € J; at date ¢, if and only if n;(¢(to)) = m(q(ty)). As neither n;(q(to))
nor m(q(t)) depends on j, all assets operated separately are operated by the same user. We
denote the best user of the assets operated separately i(q(t,)) = arg max;{n;(q(to))}. We
thus have i) = J \ Tab-

33We assume that the assets would be operated separately by the best user in the absence of an agreement

to form an alliance. The incremental value of forming the alliance for firm i~ is V;- p(to) +ps,p—U;- v (k(to))-
It is Vi p(to) — pi,p — Us,u(k(to)) for firm .
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It is useful to introduce the operator:

(59)

The operator S(z) measures the profitability of separate operations relative to merged.

Now consider the assets that are operated jointly. Consider asset j € J. Either (i)
S(q(to)) > hj, or (ii) S(q(to)) < h;. It is immediate from (58) that j ¢ Jup if S(q(to)) > hy.
Conversely, j € Jap if S(q(to)) < hj. Thus, Jop = {j | S(q(to)) < h;}. In words, an asset j
is operated jointly within the alliance, rather than separately without, when the benefits of
access to aggregate knowhow, net of the costs of CCD and double moral hazard, dominate
the benefits that accrue to separate operations from the knowhow acquired through joint
operations.

The preceding reasoning assumes that there exists at least one asset j for which the
inequality S(q(tp)) < h; is true. If that should not be the case, then the assumption that an
alliance is formed implies that it is the asset j entailing the least cost of moral hazard that
should be operated jointly within the alliance.3* No other asset would be operated jointly.

Whether an alliance is desirable under these and other circumstances is analyzed in Section
3.4.
Simplifying (58), we can write the optimal alliance structure, (Jup, Ja, Jp), at date to > 0
as
Jw = {J€T | Slalte)) < hy } U argminger{(S(q(to)) — hy) w;} ;
Jo = J\Jw if a=i(qlty)) or J, = O if a#i(q(ty)); (60)
T = T\ (TwUT) .

The value of the alliance to the two firms is

Whp(to)

ax Wplt) = YpZp . 61
(Togozy r(fo) per (61)

where Yp = m» T (S(q(tg))— > (S(q(to))—hj)wj> : (62)

JEJ jEJab
Zp = 1 + ey ™ = m 1] 1) (x_fo)g ’ (63)
(1+&Yp z
L
w, = —2t— (64)
’ Zjejrj

with & is given in (53) and m® is defined in (28).

34Tf an alliance should be formed despite the fact that there exists no asset j for which the inequality
S(q(to)) < hj is true, the asset operated jointly within the alliance would in a sense be ‘sacrificed’ for the

purpose of making the acquisition of knowhow possible.
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3.4 Ex-ante Optimal Pattern of Operation

We now turn to the comparison of the three patterns of operation discussed in the preceding
sections: wholly unrelated, merged, or partially related operations. We wish to determine
the optimal pattern of operation at date ty. For that purpose, we need to compare the three
values obtained in Sections 3.1, 3.2, and 3.3. We define

My (ty) = rnax{WU(k(tO));WM(E);Wp(tO)}. (65)

Recall that Wy (k(t)), War(k), and Wp(te) are the date o values of the entire set of assets
to wholly unrelated, merged, and partially related firms, respectively. The three values are
defined in equations (20), (24), and (61), respectively.

We first note that there are no circumstances under which the joint operation of some
or all assets is preceded by a phase of separate operation of these same assets. Such an
occurrence would require M7 (ty) = Wy (k(to)) at the date ty, and M (t1) # Wy (k(t1)) at a
later date ¢, that follows a period of separate operations, t; — ty. But neither a merger nor
an alliance is made more desirable by separate operations. This is because both knowhow
and learning conditions remain unchanged under separate operations: k(¢;) = k(¢p) and
xy, = oy,. The preceding implies that only when a merger or an alliance is formed at date
to will there be a subsequent change in the pattern of operation, as joint operations are
abandoned for separate operations. In contrast, when separate operations are the optimal

pattern of operation at date %j, they remain optimal throughout.

We further observe that, regardless of the nature of the optimal pattern of operation
at date tg, there are no circumstances under which operations should be delayed. This is
because not operating is never worthwhile, as the values V; i (k:(t)), War;(k), and V; p(t)
in (9), (24), and (42), respectively, are always positive, and both knowhow and learning

35

conditions remain unchanged in the absence of joint operations. Operations, whether

wholly unrelated, merged, or partially related, therefore start at date 0 and ¢y = 0.

Allowing for the possibility to choose across patterns of operation implies the following

result for alliances

Proposition 1 When partially related operations within an alliance are the optimal pattern
of operation at date 0, only a single asset is operated jointly within the alliance. That asset
18 that which suffers the least from the cost of double moral hazard:

Tap = argg.féi}l{(s(@) — hj) w;} . (66)

35The constancy of learning conditions under separate operations implies that there is no option value to
waiting for an improvement in learning conditions. See McDonald and Siegel (1986) for an analysis of the

value of the option of waiting to invest.
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The intuition is as follows: Consider the case where there is an asset j such that S(Q) <
h;. This implies that S(Q) < 1 for all assets j € J. This is because S(Q)) does not depend
on j, and h; < 1Vj. So, the presence of an asset j that is more profitably operated within
the alliance implies that all assets are more profitably operated within the alliance. But
in such case, the merger clearly dominates the alliance, for it avoids double moral hazard
without involving any greater extent of CCD.3¢ This implies that, in case an alliance actually
is chosen over a merger or separate operations at date 0, only a single asset is operated jointly
within the alliance. As discussed in Section 3.3, that asset is ‘sacrificed’ for the purpose of

making the acquisition of knowhow possible (see footnote 34).

Clearly, the sacrifice made in operating an asset jointly within an alliance should be as
small as possible. This means that the asset that is sacrificed should be one that suffers
little from double moral hazard. The term h; measures the extent of double moral hazard:

the larger hj, the lesser the problem of double moral hazard.

Unlike resource contributions, knowhow and core competencies are not affected by double
moral hazard. This implies that the sacrifice made in jointly operating an asset depends not
only on the extent to which that asset suffers from double moral hazard, but also on the
importance of resource contribution relative to knowhow and core competencies in determin-
ing the value of the asset. The weight w; is a normalized measure of the perpetuity factor
I'; that reflects that relative importance. Expression (66) therefore indicates that the asset
that is sacrificed should be one that suffers little from moral hazard (small S(Q) — h;) and
for which moral hazard is of relatively little importance as compared to knowhow and core

competencies (small w;).

We divide M 7(0) in (65) by Wy (k), the value of merged operations, and denote that
ratio M’;(0): M',(0) = M7(0)/War(k). We wish to express the values of wholly unrelated

and partially related operations relative to those of merged operations. We can then write

Proposition 2 At the initial date 0, the two firms a and b choose (i) wholly unrelated
operations if M';(0) = S(1)/Zy, (ii) merged operations if M';(0) = 1, or (i) partially
related operations if M',(0) =Y Zp/Zy. Here,

M5(0) = max{S(1)/Zn;1;Y Zp/Zu} (67)
where
1 - K
s@ = -5 e Y = S0 - 0 (5@ - hea) . 69
— 4 — wj Ja ZjEJab
Iy = 14+ — Zp = 1 + YiETw %i€Tu (69)
(1+¢) 1+ Y i}
o= QF —hy, 2= Qp —1, 2= QiL-Kj. (70)

36Tn both cases, all assets are operated jointly.
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K and 2 are the relative knowhow and relative core competencies of the best user at date 0:

k0 (0) K;
_ 1(0) _ 1(0)
K = T Q = o HfZ” . (71)
Superseding within a merged firm occurs the first time x; reaches
. 1+~
—_— 72
Ty 52’ ) ( )
whereas the dissolution of an alliance occurs the first time x; reaches
. 1+&) 2 _
tp = O g, 4 (-7 (73

EWieT,, Zjedu,

p and p' are adjustment factors to K and §2, in case the identity of the best user changes in

the course of joint operations:

—~
>
~—

(p;0") = (74)

{(1;1) if i(0)=1
min;{k;(0)} . max;{r; } e =
<maxi{ki(0)} = mini{ni}> if 1(0)#1

Proposition 2 reproduces many of the results obtained in the preceding three sections, but
rewrites these in such a way as to make the derivation of comparative statics result in Section
4 more natural. Proposition 2 can be interpreted as such. The pattern of operation chosen
at date 0 is, naturally, that which imparts the most value to the complete set of assets.
Value is measured relative to the value of merged operations, Wy, (k). The (relative) value
of separate operations, S(1) can be decomposed into two components: S(1) = K Q.37 This
decomposition is an attempt at isolating the effects of knowhow and core competencies on the
choice between separate and merged operations. A merger benefits from aggregate knowhow
(K < 1 by definition of k), but may suffer from CCD (Q > 1 when i(0) = argmax{; }).
Note that double moral hazard does not enter the comparison, as double moral hazard affects

neither separate nor merged operations.

The (relative) value of partially related operations, Y Zp, consists of two components.
The first component, Y = Yp /Yy, represents the benefit to the assets operated separately
of the knowhow acquired through the operations of the single asset operated jointly. This
is suggested by the term @ in S(Q): recall that () > 1 is the term that increases ¢(t) above
#; in (48). The subtracted term wjcz,, (S(Q) — hjes,,) indicates that the aforementioned
benefit does not apply to the sacrificed asset, which instead suffers from the problem of

double moral hazard.®® The weight w,c 7, reflects the importance of that asset.

37Recall that zo=1.
#The difference S(Q) — hjeg,, is positive as S(Q) > h; Vj when an alliance is chosen over competing

organizational forms at date 0.
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The second component, Zp > 1, captures the option value of dissolving the alliance
within which separate operations are conducted and reverting to separate operations. That
component is decreasing in Y: the greater the benefit to separate operations of the knowhow
acquired through joint operations, the more is lost on dissolution, and the less valuable
therefore the option to dissolve. It is increasing in w; z;, where z; measures the gain from
abandoning the joint operation of asset j for the separate operation of that asset, in terms of
avoiding both CCD and double moral hazard: the greater that gain, the more valuable the
option to dissolve.?® Finally, it is decreasing in the dissolution state, £p: the further away

dissolution, the lesser the value of the option to dissolve.

It is interesting to compare Zp with Z,; > 1. As with Zp and Zp, Z); is decreasing in
the superseding state z,;: the further away superseding, the lesser the value of the option
to supersede. As with Zp and z;, Z)/ is increasing in z, where z measures the gain from
abandoning merged operations for separate operations: the greater that gain, the more
valuable the option to supersede. Note the presence of h; in z; but not in 2: only in the case
of the dissolution of an alliance does a gain arise from putting an end to double moral hazard.
Finally, note the absence of a term equivalent to Y in Z,;: all assets are operated jointly

under merged operations; there are no separate operations to benefit from joint operations.

Both the similarity and the difference between Z,; and Zp reappear in the superseding
and dissolution states, Zp; and Zp, respectively. The state &), increases in the ratio 2'/z,
whereas Zp increases in z'/(w;z;), where 2’ includes the likely loss in knowhow that results

from the abandonment of joint operations.

The choice of organizational form is represented graphically in Figure 1 along two di-
mensions: the (relative) value of separate operations, S(1)/Z,, and that of partially related
operations, Y Zp/Zy. A merger is chosen when the two firms have similar core competen-
cies: there is little cost of CCD in a merger in such case, no double moral hazard, and access
to combined knowhow for all assets. When one firm has markedly higher core competen-
cies than the other, that firm operates the assets separately if it also has markedly higher
knowhow: there is little to be gained and much to be lost from joint operations in such case.
Finally, an alliance is chosen when the firm with markedly higher core competencies has
markedly lower knowhow: the alliance then serves to confine the cost of CCD to the single
asset operated jointly, yet makes accessible to the assets operated separately the knowhow

acquired from joint operations within the alliance.

We noted in the Introduction that knowhow and its acquisition are a distinctive feature of
our analysis. Just how important were they to our results, and could these results have been

obtained in the absence of knowhow and its acquisition? We consider the role of knowhow

39The term p' in z; adjusts for a possible change in the identity of the best user, from the lower to the
higher core competencies firm.
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in more detail in Section 4.4, but we note at this stage that there would only be separate
operations if there were no knowhow, and there would be no alliances if knowhow could not
be acquired. Where there is nothing to be learned, there is no need to heed others’ advice.*°
Where there is nothing that can be learned, heeding others’ advice is worthwhile only if
it brings immediate benefits (mergers); it is not worthwhile as a means to greater learning

(alliances).

4 Analysis

We now derive a number of testable implications from the results obtained in Section 3.

4.1 How Likely is a Given Pattern of Operation?

We first wish to examine the extent to which one pattern of operation, say separate oper-
ations, will be chosen over one or both other patterns. For that purpose, we examine the
changes in M’;(0) in response to changes in the characteristics of a firm, an asset, or learning
or external economic conditions. Such changes can be viewed as representing changes in the

likelihood of observing a given pattern of operation.

Consider the set S(Z) of parameter values which is such that the pattern of operation Z
dominates, where Z € {S(1)/Zy; 1;Y Zp/Zy}. That is,

S(Z) = { ((k:(0))s k; (12); (02); (v5); 113 0310 A) | M7(0) = Z }. (75)

If, following a change in a given parameter, the set S(7) increases in the sense of nesting
the initial set of parameter values, the likelihood of observing the pattern of operation Z
increases in the characteristic represented by the changed parameter. For the econometrician,
differences in relative likelihood take the form of differences in the frequency of observation.
When the characteristics of interest are easily identified, differences in characteristics can be

related to differences in the frequency of observation.

Note that knowhow and core competency affect the values S(1), Zys, and Y Zp primarily
through K = k;q, (0)/k and Q = f@;(o)/(f@gﬂ k). Tt is thus relative rather than absolute values
of knowhow and core competencies that determine the choice of organizational form. This
distinction is important for the purpose of generating testable implications, because relative

values of knowhow and core competencies are much easier to assess than are absolute values.

We examine changes in M’ (0) starting from a situation in which all three patterns of

operation have equal value, i.e. S(1) = Zy;, S(1) =Y Zp, and Zy; =Y Zp. This is because

40¢Advice’ can be given across firms (alliances) or within (mergers before superseding).
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M’ (0) = max {S(1)/Zn; 1;Y Zp/Zp} is unlikely to change in response to small changes
in the parameter of interest when one pattern of operation clearly dominates the other two

forms.

We first show
9 14
0= | B

The preceding implies that an increase in = € {K;Q} increases the set S(S(1)/Zy) and

A {5(1), YZp S(1)

>0, for —

B } and = € {K;Q} . (76)

A/B=1

decreases the set S(1). This in turn implies

Result 1 (Competitive Advantage) Higher (a) relative knowhow, K, or (b) relative core
competencies, 2, on the part of the best user (i) increases the likelihood of separate operations

and (ii) decreases the likelihood of merged operations.

The intuition is simple. An increase in the knowhow or the core competencies of the best
user at date 0 increases the value to that user of operating alone. It decreases the value of
joint operations within a merged firm, as there is less to be gained from combining knowhow
and more to be lost, or less to be gained from CCD.*' As for partially related operations
within an alliance, the value of such operations increases relative to merged operations, but

decreases relative to separate operations. The net effect is indeterminate.

We now note that the discount rate, ry, and the failure rate, A\, which together make up
what may be called the impatience factor, ro + A, affect Y Zp, and Z,;, but they do not
affect S(1). We show

o 14
)= | B

We thus have

S1) Yzp S(1)
Iy Iy ' YZp

A
>0, for B € { } and = € {ro; A} . (77)

A/B=1

Result 2 (Impatience) A higher discount rate, ro, or failure rate, X\, (i) increases the

likelihood of separate operations and (ii) decreases the likelihood of merged operations.

Again, the intuition is quite simple. Joint operations, whether within a merged firm
or an alliance, can be viewed as an investment in acquiring knowhow. Such investment is
made to increase the profitability of the separate operations that will follow superseding or
dissolution. A higher impatience factor decreases the attractiveness of investing in knowhow
acquisition. This unambiguously decreases the value of merged operations and increases
that of separate operations. Again, the net effect on partially related operations within an

alliance is indeterminate.

41 The best user at date 0 suffers from CCD when that user has higher core competencies. It benefits when

it has lower core competencies.
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As do the discount and failure rates, rq and A, the learning uncertainty factors, u and o,
affect Y Zp and Z,;, but not S(1). We show

o |A
9= | B

We thus have

A { S(1) Yzp S(1)

d= : .
o) T ,YZP} and = € {150} (78)

Result 3 (Learning Uncertainty) A higher drift, u, or volatility, o, of learning condi-
tions, (i) decreases the likelihood of separate operations and (ii) increases the likelihood of

merged operations.

The intuition recalls that of Result 2. Learning conditions depend on the maximum of
the geometric Brownian motion x;. The higher the drift and volatility of z;, the higher
its maximum, and the more favorable therefore learning conditions. This increases the
attractiveness of investing in acquiring knowhow, thereby increasing the value of merged
operations and decreasing that of separate operations. Yet again, the net effect on partially

related operations within an alliance is indeterminate.

The extent of double moral hazard, represented by hjc 7 ,, affects Y Zp but neither S(1)
nor Zr. We show
0 {S (1)]

oh; | Zu

o [S(1)
> _
20, and = {YZP]

< 0.(79)
S()/(Y Zp)=1

o, O [YZr
Ok | Zu

S(1)/Zyu=1 YZp/Zy=1

We thus have

Result 4 (Moral Hazard) A more severe problem of double moral hazard (a decrease in

hjez,,) decreases the likelihood of alliances.

The intuition is very simple. Only joint operations within an alliance suffer from the
problem of double moral hazard. The more severe that problem, the less valuable such

operations. Separate and merged operations remain unaffected.

4.2 The Time to Superseding or to Dissolution

Joint operation is a temporary pattern of operation. The time to superseding or to dissolution
is the time elapsed between the date 0 at which a merger occurs or an alliance is formed
and the date at which superseding takes place or the alliance is dissolved. The latter dates
are the time at which learning conditions reach the state z,; for the merger and Zp for the

alliance.
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Result 5 The times to superseding and to dissolution have the comparative statics that

follow:

(Competitive Advantage) An increase in the relative knowhow at date 0 of the best user at
superseding or dissolution, K, or in the relative core competencies of that user, €2, decreases
the time to superseding or to dissolution (0&/0= < 0, for & € {Zp;Zp} and = € {K;Q}).
(Impatience) An increase in the discount rate, ry, or the failure rate, \, decreases the time
to superseding or to dissolution(0z/0= < 0, for & € {Zy;Zp} and = € {ro; A}).

(Learning Uncertainty) An increase in the drift, u, or the volatility, o, of learning condi-
tions decreases the time to superseding or to dissolution (0%/0= < 0, for & € {Zn; Tp} and
=€ {moa})

(Moral Hazard) A more severe problem of double moral hazard (a decrease in hjcz,)
decreases the time to dissolution (0Zp/Ohjcg,, > 0). It does not affect that to superseding.

The intuition for the preceding results is in many ways quite similar to that for the results
in Section 4.1. That section showed that higher relative knowhow and core competencies on
the part of the best user at date 0 decrease the attractiveness of joint operations relative to
separate operations. The present section shows that, besides decreasing the attractiveness
of joint operations, higher relative knowhow and core competencies decrease the duration
of joint operations when these should be chosen. This is to be expected, as the decreased
attractiveness of joint relative to separate operations implies that the former are sooner to
be abandoned for the latter.

Recall from Section 4.1 the interpretation of joint operations as an investment in the
acquisition of knowhow. The higher the discount or the failure rate, the lesser the attrac-
tiveness of such investment, the shorter the period of time over which such investment is
made, and the lower therefore the time to superseding or dissolution. Regarding learning
conditions, an improvement in learning conditions increases the rate at which knowhow is
acquired, thereby hastening the time at which the best user has acquired the complementary
knowhow it seeks in order to operate the asset alone. Finally, the more severe the problem
of double moral hazard that is unique to the alliance, the greater the cost of joint operations

within the alliance, the greater therefore the incentive to put an end to such joint operations.

For the econometrician, differences in time to superseding or dissolution may take the
form of differences in the frequency of superseding or dissolution. The econometrician can
examine the probability that superseding or dissolution occurs before a given date £ > 0. In

our setting, this expected superseding or dissolution frequency at date t is

2 2

o (2111[@](5/:— %)) N [—m[:i] ;%— %)t] (80)

—In[d] + (1 — )t

o/t

edf (t) = N[
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where N(.) denotes the cumulative normal distribution.*? Note that the expected supersed-

ing or dissolution frequency decreases in &, & = Zj; or Tp.

4.3 The Effect of Size

We now examine how the desirability of one or another pattern of operation is affected by

the number of assets, J, in the set of assets, J.

We note that an increase in the number of assets leaves the desirability of both separate
and merged operations unchanged: in Proposition 2, both S(1) and Z,; are independent of
J. In contrast, we show

Result 6 An increase in the number of assets, J, increases both (i) the likelihood and (ii)

the duration of the alliance.

The intuition is relatively straightforward. An increase in the number of assets has two
effects. The first effect is to increase the number of separately operated assets that can prevail
themselves of the increase in knowhow made possible by the joint operation of the ‘sacrificed’
asset within the alliance. The second effect is to decrease the cost of such ‘sacrifice:’ a larger
number of assets makes possible the selection for ‘sacrificial’ purposes of a less valuable asset
that suffers less from double moral hazard. The lower cost of and the greater benefit to

‘sacrificing’ an asset combine to make the alliance both more valuable and longer lived.

The preceding result has the possibly counterintuitive implication that alliances are more
likely to be entered into by large firms than by small firms. Large firms have more separately
operated assets that can profit from the knowhow acquired in the alliance. They also have

a wider pool of assets from which to choose the single asset that is to be ‘sacrificed.’

4.4 The Importance of Knowhow and Core Competencies

Much of our analysis and many of our results have revolved around knowhow and its acqui-
sition. This is not surprising: knowhow is viewed as a central, if not the central concern
of corporations by much of the management literature today. Reflecting that emphasis on
knowhow (or knowledge), many corporations have created the position of Chief Knowledge
Officer (CKO). In the present section, we wish to explore the importance of knowhow and
its acquisition, by asking what would happen if there were no knowhow or if the knowhow

there is were impossible to acquire. We show

Result 7 If there is no knowhow, there are only separate operations. If knowhow is impos-
sible to acquire, there are no alliances.
428ee Cox and Miller (1984).
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The second result dramatically simplifies Proposition 2, which then states that separate

operations are chosen at 0 if K<) > 1. Merged operations are otherwise chosen.

The intuition is simple. If there is no knowhow, only core competencies matter, and
the firm with higher core competencies should operate all assets alone. If the acquisition of
knowhow is impossible, there is obviously no reason to sacrifice an asset for the purpose of

acquiring knowhow, i.e., there is no reason to enter into an alliance.

Besides knowhow, core competencies have loomed large in our analysis. In a sense, this is
not surprising, for core competencies have been viewed by management theorists as the main,
if not the unique source of competitive advantage to a firm.*®> We explore the importance of
core competencies by asking what would happen if core competencies were identical for the

two firms. We show

Result 8 If there no core competencies,or two firms have identical core competencies, then

there are only mergers.

Again, the intuition is simple. The only cost of a merger is that of CCD, which arises
from the difference in core competencies. There is no such cost where there are no core
competencies, or where core competencies are identical. There are therefore only benefits

and no cost to a merger.

5 Empirical Evidence and Testable Implications

We provide some empirical evidence in support of, and derive some testable implications

from the comparative statics results of Section 4.

The phenomenon of merger waves has recently received much attention in the economics
and finance literature. By and large, merger waves appear to be associated with technological
and regulatory shocks (Gort, 1969; Andrade, Mitchell, and Stafford, 2001). Can we reconcile

our theory with the existence and the characteristics of merger waves?

By impacting the environment in which firms operate, a shock impacts the value to a
firm of its core competencies and its knowhow. These can be made more or less valuable, in
absolute terms or in terms relative to those of other firms. For example, a shock may render
obsolete any advantage a firm may have had over other firms in its industry, thereby leveling
core competencies and knowhow. Conversely, a shock may validate the technological choices
made by some firms but invalidate those made by others, thereby conferring an advantage

to the former firms over the latter. The losing or gaining of an advantage may affect core

43See Prahalad and Hamel (1990) for example.

36



competencies alone, knowhow alone, or both core competencies and knowhow. We consider

a number of cases in turn.

Where a shock levels core competencies and knowhow, Result 8 suggests that firms should
engage in mergers: firms seek to replenish their depleted knowhow, and can do so with little
concern for CCD as all core competencies have been reduced to approximately equal-and
low—levels. This appears to be the pattern among established pharmaceutical firms, which
have sought through mergers to replenish drug pipelines dried up by the vastly increased

technological and regulatory hurdles to developing new drugs.**

Where, in contrast to the preceding case, a shock confers an advantage to some firms over
others, both in core competencies and in knowhow, Result 1 suggests that the first set of
firms should acquire the assets of the second, or indeed the entire firms. Acquiring firms add
value to the assets of the firms acquired using the acquiring firms’ own core competencies
and knowhow. When an entire firm is acquired, its core competencies and knowhow are
effectively lost, to be replaced by those of the acquiring firm. This appears to be the view of
mergers and acquisitions put forward by Manne (1965) and Jovanovic and Rousseau (2002a

and b) among others.

Result 1 is of little direct help in the case where one or more shocks have simultaneous
and contrasting effects on core competencies and knowhow. Nonetheless, it may be possible
to draw some conclusion as to the resulting pattern of operations from our understanding of
the trade-offs involved in the three patterns we consider. When a first shock decreases the
knowhow of one firm relative to another, and a second shock increases the core competencies
of the one firm relative to the other, there may be a rationale for having the two firms enter
into an alliance whereby the higher knowhow, lower core competencies firm communicates
its knowhow to the lower knowhow, higher core competencies firm. The alliance is dissolved
when the latter firm has acquired enough knowhow to make the most of the assets in the

alliance on its own.

The pharmaceutical industry may be said to have experienced two such shocks. On the
one hand, the growing importance of biotechnology has decreased the knowhow of estab-
lished, chemistry-based pharmaceutical firms relative to that of biotechnology firms. On the
other hand, increased regulatory requirements have increased the importance for pharmaceu-
tical firms of managing relations with regulators. Such management can be said to be part
of large pharmaceutical firms’ core competencies. Alliances between large pharmaceutical
firms and biotechnology firms may then be interpreted as an attempt at communicating the
latter’s knowhow to the former, eventually to capitalize on the former’s core competencies.
Interestingly, following the completion of the more purely scientific phase of a new drug’s
development, and before the new drug is shepherded through the process of regulatory ap-

448ee Jack and Weismann (2006).
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proval, the rights to the drug—the asset—often are acquired by the large pharma partner in

the alliance.

Another reason for the increased number of alliances between pharmaceutical and biotech-
nology firms may be the adoption by the partners in biotechnology alliances of contractual
features that have made possible a decrease in double moral hazard, in line with result 4.
Robinson and Stuart (2002) report the presence in alliance contracts of many of the clauses
generally found in venture capital contracts. Mitigating moral hazard is of course a central
purpose of venture capital contracts (Kaplan and Stromberg, 2002), and the incorporation in
alliance contracts of clauses that make this possible may provide an additional explanation

for the recent increase in the number of biotechnology alliances.

We now turn to superseding in mergers. To what extent does such a process occur, and

does it conform to our theory and our predictions?

To answer this question, we consider the 1998 merger between Citigroup (Citi) and
Travelers Group (Travelers), which created the world’s largest financial services firm.*® What
made the merger in some ways unique, besides its unprecedented scale and scope, was the
relatively large number of top management positions assumed jointly by co-heads.*® Indeed,
so many positions were shared that CSFB banking analyst Michael Mayo referred to the
extensive use of the co-head structure by the merged firm as “the Noah’s Ark school of
management,” with people brought along “two by two.”*” For most shared positions, one
head had been with Citi and the other with Travelers. This arrangement extended to the
CEO position, which was shared by Citi’s John Reed and Travelers’s Sandy Weil.*® At the
outset, then, the two forms of organizations corresponding to the original merging firms can

be said to have co-existed within the merged firm.

Perhaps unsurprisingly, the co-head structure created a number of problems, what we
have referred to as the costs of CCD. In this particular case, these seem to have taken the
form for many employees of having to satisfy two bosses with often conflicting demands.
As Victor Menezes, himself co-head of the global corporate and investment bank, rather
nicely put it, “we can follow any compass, but we have to know where north, south, east,

749 Weil eventually became sole CEO of the firm, Reed retired, and most

and west are.
of the co-head structure was abandoned. Having become sole CEO, Weil was able to put

his imprint on the firm to a much greater extent than he had been able to under the co-

45There appears to be no formal empirical study of superseding in mergers.
46While the co-head structure had not been uncommon among financial services firms, never before had

it been used to such an extent.
47See Authers and Corrigan (1998).
48The sharing of the CEO position may be considered necessary for Reed and Weil to have agreed to the

merger. It is not clear why this should extend below the level of CEO, though.
49 As reported by Lowenstein. See Stone and Brewster (2002, p. 264).
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CEO arrangement. As a result, the merged firm came to resemble in its organization and
its culture the original Travelers much more than the original Citi. In our terminology,
the organizational form corresponding to Travelers had superseded that corresponding to
Citi. Interestingly, superseding occurred only after Weil felt “he no longer needed Reed’s
knowledge of the bank or Reed’s allies within the bank. Weil knew what he wanted to do,
where to make cuts, whom to trust.”?® In our terminology, superseding occurred only after

one organization had acquired much of the knowhow of the other.

A first testable implication of our analysis, then, is that the greater the stated importance
of the skills and knowhow of the two merging firms in a merger, the more likely it is that
these firms’ organizational forms are made to co-exist within the merged firm. Conditional
on such being the case, a second implication is that superseding, or the eventual dominance
of one form of organization over the other, occurs only after the superseding organization
has acquired much of the knowhow of its superseded counterpart. A third implication is this:
where knowhow is not an issue, or where only the knowhow of one firm is deemed important,

asset sales or acquisitions are likely to be chosen over alliances and mergers.

In contrast, where knowhow is an issue, a fourth implication is that the more different
two firms are, in their businesses and their markets, their organization and their structure,
and their culture and their technologies, the more likely are the firms to choose an alliance
over a merger. A fifth implication is that alliances motivated by skills and knowhow are more
likely to be dissolved than those motivated by alternative explanations such as economies of

scale or scope.®!

6 Conclusion

We believe our analysis has highlighted three important, perhaps unexpected considerations:
the paramount role of core competencies, the determining role of the congruence between

knowhow and core competencies, and the temporary nature of joint operations.

The paramount role of core competencies is highlighted by the result that mergers are
chosen in the absence of a large difference in core competencies-regardless of what the
state of knowhow might be. This may be viewed as confirming the primacy accorded core

competencies by much of the management and strategy literature.??

The congruence between knowhow and core competencies is important because it deter-

mines the choice between separate operations and alliances where large differences in core

0See Stone and Brewster (2002, p. 253).
51Tt is easy to incorporate scale and scope considerations into our model; there are then cases in which

joint operations are permanent.
2Gee for example Barney (2006).
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competencies exclude mergers. When knowhow and core competencies are congruent, in the
sense that the party that has higher knowhow also has higher core competencies, separate
operations are chosen. When knowhow and core competencies are not congruent, partially
related operations within an alliance are chosen, generally to provide the party with higher
core competencies with the opportunity to acquire part of the knowhow of the party with
higher knowhow.

The temporary nature of joint operations—where these are motivated primarily by knowhow
considerations—is an immediate consequence of the parties’ ability to acquire knowhow.
There comes a point in time at which the benefits of combining knowhow and acquiring
further knowhow have been so diminished by the knowhow acquisition that has already
taken place that these benefits are no longer sufficient to offset the costs of joint operations:

moral hazard in alliances and core competencies difference in alliances and in mergers.

Our analysis is of course not without its limitations; it has left out many relevant con-
siderations. In particular, it has assumed that both competition and aggregate knowhow
remain unchanged. Such may not be the case: a merger in particular may decrease com-
petition, and R&D may increase aggregate knowhow. Either consideration would affect the
values of some or all patterns of operation. Both considerations are, however, ‘orthogonal’
to our analysis, in the sense that their effect can be reduced to the scaling of the terms on
the right-hand side of (67) by multiplicative factors that measure the impact of changed

competition and aggregate knowhow on the values of the three patterns of operations.?

As noted in footnotes 22 and 25, our analysis has the somewhat extreme result that
all assets eventually will be operated by the same user. Thus, in our model, there are no
circumstances in which one firm operates some assets and the other firm other assets, no
divestures, and no demergers. This result is a consequence of our assumption — made for
the purpose of obtaining clear testable implications — that core competencies are firm- but
not asset-specific. Making core competencies asset-specific, in the sense that a firm’s core
competencies may be more applicable to some assets than to other assets, may be one way to
extend the model to analyze such issues as divestures or demergers, or the relatively recent

developments of focussing and outsourcing.? We view this as a topic for further research.

53For example, if competition were most reduced following a merger, or R&D conducted most efficiently
within a merged firm, the value of merged operations would be scaled by larger factor than would the values

of wholly unrelated and partially related operations.
% As do divestures and demergers, focussing and outsourcing imply the separate operation of different

assets by different firms.
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Appendix

Proof of (9) and (10): Discounting when liquidation occurs with intensity A is analogous

to discounting at the sum of the short rate and that same intensity (Lando, 1998). To see this, use

E; [1{T<g}] =exp 7Y to obtain
T oA (r—1) : €i,i (7)
Vigu(ki(to)) = ;na()i Ey exp e (1) — —2——— =T dr . (81)
o ' (ki(to) ki) 7
Solving (81), we obtain e; ;(7) in (10). Substituting yields (9). 0
Proof of (24) to (31): Problem (23) is equivalent to
Wa(k) = max{ > Wk | 2) + E, [exp—m(f—t) W*(£)1 {£<tﬂ (82)
* er
t
where Wuik|2) = E / exp To(7Y) (n;ax ( ){P](T) 1{T<g}}] , (83)
t ea,j T ,eb,]‘ T

denotes the value at date t, t € (to,1), of operating asset j, j € J, within a merged firm until the

time of superseding ¢ = inf{t | z; = # }.5° In turn,

ea(1) eri(1) )" €ii(7)
Pi(r) = Ryle(r)) = > Cijleis(r)) = D -y — - (84)
ic{a;b} a % ic{a;b} (km) j

By analogy to the derivation in the Proof of (9) and (10), we have

i
Wik 2) = B / exp~ M0N0 max  (Pi(r)}| and  (85)
t €a,j

(7 (7)
E; [exp=m0l=0 W (d) 1{,5@] - Et[exp—@"O“)(f—t) w*(#)] . (86)

Denote W]‘\’/[O j(l;:) the value at date t, t > tg, of operating asset 7, j € J, assuming superseding never
occurs. That is, W]?Zj(l_f) = W, (k | £) |2—00- We have

—+00
wii; (k) = E [/ exp (VT max (P ()} dT]- (87)
t

€a,j (T)seb,5(T)

Define T'(z) = inf{ T | z(T) = z } to be the first time z(t) reaches an upper barrier z. Conditional

on the information at date ¢, the density of T'(z) has Laplace transform5

% 2O\
CUT@) |ro+h) = / exp~ O NT@0 [(T(2)) dT(a") = (ﬂ) (88)

X

where ¢ = o0 2[02/2 —p+ /(1 —02/2)2 +2(ro + N)o?] . (89)

5In writing (82) we have used our model’s property that the resource contributions that maximize in-

stantaneous profits are those that maximize value. That is, we have used argmax,, ;(r).e, ;(r) [Pi(T)] =

ArgMAXe, ; (7),e;,;(r) [Wrj (k| 2)] = afgmaxe”(r) o) [WM(E)]
6The Laplace transform is defined as L(f(t) | s) = [;" e *' f ()
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Note that £ > 1. Intuitively, £ (f(T(z)) | ro + A) is the expected value at date ¢ of 1§ received at
the random time 7T'(Z). Using (88) and (89) we can write (85) as

Wik 1) = Wiz, |1 - (2

T

)g] - and By [exp 00w @] = W (g)g 90

We can therefore rewrite (82) as

7.\ — 0 (1. o ﬁ £ N ﬁ 3

WM(k)mgx{ZWMJ(k) [1 (x) ] + W (t)(:%) } (91)
JET

The optimal dissolution time solves the f.o.c. for &, d Wys(k)/04 = 0. Now, differentiating (84)

and solving for e; j(7) yields

by [cad() eny(r)® )"
eij(r) =0div; (kri) ( BT : (92)
a O
Using (92) for a and b, we can write
. 0q . dp _ L _1 -
a0 o
a9,

Substituting (93) into (92) yields (30). Substituting (92) into (84), we have

eq.i(T)0 ey ()% 7
Pir) = Bjle®) - Y Cijlery(r) = (L-) ( s (7)* &;(7) ) S

0o 50
i€{a;b} Oa 6bb

Combining (87), (93), and (94), we can rewrite (91) as

Wy (F) = [m + (m(z) — m) (xt)g] > (95)

Given that m(2) = m™ — [m> — ny; (84,)]/2, where m™> = l_fm(i), we decompose Wy (k) into

WM(IC) = YM ZM, where

Yy = m Y. T;, Zy
JET

Lo [AEE] () (96)

YM xr

with A = [m>® —m] >, T'j, B = [m>™ — i) (Z10)] dojes Ty With Wi (k) decomposed as
such, the f.o.c. for Z yields & = (1 + &)B/[¢ A], which is (31). Substituting into (96) we obtain
Zy =1 + ﬁ (I%)g Now, if & is ﬁnite,_then Zyr > 1, hence m™ > m. Therefore
Ky > Kla Iﬁ}gb. So, i(t) = arg max;{r; } and m>® = k max;{k; }. O

Proof of (42) to (55): Problem (36) is equivalent to

Va,p(t) = maxg, {ZjE.ZlbUJa Va,j (t | ) + Fy [expfro(fft) o (tA) 1{£<ﬂi| } (97)
Vl-,’p(t) = maxg, {EjGJabUJb Vb,j (t | )+ Fy [expfro(tft) ng (i) 1{£<ﬂ
t
where Vij(t|z) = E / exp"o(m—1) m%x) {P”(T) 1{r<t}}] , (98)
t eij (7
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denotes the value to firm i at date ¢, t € (¢, %), of operating asset j, j € Ju U J;, until the time of
dissolution £ = inf{ ¢ | z; = & }.>” By analogy to the derivation in the Proof of (9) and (10),

Vijtlz) = E

€;,;(7)

i
/ exp MOV max {Pi,j(T)}] and (99)
t

By [exp 0V () 1] = Bifexpm 00tV v )] (100)

Denote Vzi’;’(t) the value to firm ¢ at date ¢, t > tg, of operating asset j, j € Jup U J;, assuming

dissolution never occurs. That is, Vzojo(t) =Vi(t|Z) |s—00- We have

—+00
Vides.,(t) = E [/t eXP_(rHA)(T_t) max {P; ;(7)} dT] ) (101)

ei,j(T)

As for the rewriting of (85) as (90), we can rewrite (99) as
. £ ; . R £
Vit @) = V@ — V) (3) . and Blexp N E0vE@)] = vid) () (02

We can therefore rewrite (97) as

Vip(t) = H;:&:JX{ Zf,’]%(t) + [VZ*(E) — X/ng(f)] (%)5} , with & = min{z.; %} . (103)

Each firm’s privately optimal dissolution time solves the f.o.c. for &;, 0V;p(t)/0%; = 0. A
necessary condition for the contract to be renegotiation-proof is that the two firm’ privately optimal
dissolution times coincide: #, = #,. We henceforth consider only those contracts that satisfy the

equivalent condition &, = Zy.

We first consider V% 7 (t). This is the value to firm ¢ at date ¢, ¢ > to, of operating within an

alliance an asset j, 7 € Jup, assuming dissolution never occurs. We have

+00
(1) = By [ / exp N max (91 By (7)) = Cay(eay (7)) dr] (o)

e (T

63(1 521; 1—vj

eq (1) ey i(1)% N e ilT
whete gy By (e(r) = Ciyesy(r) = by ( a (7)™ et (7) ) - a0 o
(kk;) 7

Differentiating (105) and solving for e; ;(7) yields

2 ey (1) ey (1) i
eij (1) = dij iy (ki) " < i ()5%5‘5;]( ) : (106)
a %
Using (106) for a and b, we can write
€a,; (1) ey ;(T)% o\ [+ s\© T
J 66a 651)] — (¢Z,] ¢bi7]> 17 (k Kga K{)b) 5 ,Y] 5 . (107)
a %

5TIn writing (97), we have used our model’s property that the resource contributions that maxi-
mize instantaneous profits are those that maximize value. That is, we have argmax,, (- [P;;(T)] =
argmax, ; () [Vij(t | 2)] = argmax, ;) [Vi.p(t)].
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Substituting (107) into (106) yields (51). Substituting (106) into (105), we have

ey i (T)% ey :(1)% 7
b Ri(e(r) — Cijlers(r) = dij (1 — 78) ( s (7) * €4(7) ) | (108)

Oa 50
50 52

Combining (104), (107), and (108) yields (44). We now consider V% 7 (¢). This is the value
to firm ¢ at date t, t > tg, of operating separately an asset j, j € J;, assuming dissolution never

occurs. We have

+oo i i
Viges,t) = E / exp ™ (o FAT=1) max €i(T)" — % dr| . (109)
! o (ki(T) ki)

1 1

Maximizing, we obtain e; ;(7) = (k;(7) k; )7 'yjlﬂj . Substituting, we have

+o00 i
Vi%est) = E, [ /t exp (OFNT=) L (7) g dT] L=y 7. (110)
Denote Z(t,7) = maxi<y<s Ty, ¥ =70 + A, and
o0
M(zy,2(0,) | ki(.), k) = B [/ e~ ki(:z(o,f))ﬁm] : (111)
t

Denote T'(z) = inf{T | z(T) = = } the first time z(¢) reaches an upper barrier z. Given that at
dates 7 within the interval (¢,7'(£(0,t)) ) knowhow k;(z(0,7)) is constant and equal to k;(z(0,1)),

we can use (88) to write

(% K T ¢
(x4, 2(0,2) | ki), k) = ki(#(0,1) & [1 _( (%) )

o 3
+ H(:%(O,t),aﬁ(o,t)|ki(.),/<;)< (*) 9112)

r (0, 1) 2(0,¢)

Denote Z(#(0,t),n) the expected value at a date ¢, with z(¢) = %(0,¢), of an infinite stream of

instantaneous income flow 1$ x %(0,7)" to be received at all subsequent dates 7, 7 € (t;00).
o
Z(2(0,t),n) = E, [/ e "D &(0,7)" dT] . (113)
t

Given that z(t) = 2(0,t), we have k;(z(0, 7))

k — (k — k;(0)) /2(0,7) and can therefore write
I1(2(0,t),2(0,¢) | ki(.),5) = [kZ(2(0,t),0) — (k —k;i(0)) Z(2(0,¢),—1)] & . (114)

Denote z(t —t | 2(0,t),n) = E; [e""(T_t) £(0,7)"], the expected value at a date ¢, with z(t) =
%(0,t), of 18 x £(0,7)"7 to be received at a subsequent date 7. We thus have Z(z(0,%),n) =
[ 2(r — ¢ | £(0,t),n) dr . We effectively value z(.) as a look-back power option, and Z(.)
as the sum of an infinite, converging series of such options. Denote X (t,7) = In(z./z(t)) and
X(t,7) = In(&(t, 7)/x(t)). The probability density function of X (¢,7) = M (See Harrison, 1985, p.
15), is

on = o [P oo (B e [
-2 o () o [PRnr] o



Given that £(0,¢) = z(¢), we have £(0,7) = &(¢t,7) and Z(¢,7) > z(¢). Changing variable,

+00 R o R
2(r—t|&(0,t),n) = &(0,¢)"e T / explnX (t,7)] f(X(t,7)) dX(t,7) . (116)
0
Integrating by parts, we have

2=t ]20,6,m) = 8(0,) 7 ((1+d)e™ D@ [aryT—1] + (1= d1) eI [—arv/7 = ]()17)

— 2 — 2 — pt+(2n—1)0?/2 _ 2
where s; = r —n(p + (n — 1)0°/2), dlzm QIZW,GZZMU/_TO
compute Z(%(0,t),n), we use the Laplace transform of the error function, erf(¢ f Lo’ dy

(e.g., Schiff, 1999, p. 213), L (erf (av?) | s) = a/[sVs+a?], for a > 0 and t > 0, to obtain
Jo7 e '@ [av/t] dt = 1/25 + |a| sgla]/[25V/2 s + a?]. Given that sgla] |a| = a, for all a € R, we have

N i(O,t) n ].+d1 al ].—dl a9
Z(2(0,t), = 1+ + 1— — 118
(#(0,8),m) 2 S1 31\/231+a12 T 7"\/27"—}—&22 (118)
_ —0?/2 _ u—a?/2 —
In particular, for n = —1 we have s; = r + pu — 02, d; = e 5y a2 = — 2 and a1 = ag —

o. Using the fact that then 1 + d; = —2a1/(d1o) and 1 — d; = —2a2/(d10), we express ) =
1/[%(0,t) Z(%(0,t),—1) r] in the simpler fashion (49). Also, clearly, Z(%(0,t),0) = 1/r. Substituting
n (114) and in turn in (112), we obtain

S P 1) P NI A B
(. 0.) | (). w) = {k s [1 ¢ Q)(j(o’t))]}r (119

With (111) and (119), we can rewrite (110) as (47). With the expressions above for V7 7 (t) and

Ve, (#), the fo.c. for Z; yields

B o= (1+5> Yieqn Yid Vidogw® — ki) + (1 - Q7 ¥jeq Vijuk —ki(0))
' 3 pi + Z]’EJab bij E(ii),j,U(k) o EjEJab VZ?JO(O)

The renegotiation-proofness condition %, = I, is then equivalent to (55). For contracts satisfying

. (120)

(55), & can be expressed as

io= (1 & ) 2 Vi o ® — ki@ (0) + (1= Q7 ¥je 7,05 Visu (k = ki(0))
¢ 2 jedn Vi v k) = 2z, (Va3 (0) + V5 (0))
which can be rewritten as (53). We now derive the optimal sharing rule, ¢; ;. Using the envelope the-

orem,we have arg maxg, ; Wp(t) = argmaxg, ; {Rj(e(T)=> ;140 Cijlei (1))} = argmaxg, ; {h;}.
Using (46), we then have

(121)

i
6 1=
0 bij L —7; bij b j o (1 — )
Solving for ¢; j and ¢;- ;, we obtain (54). We then have 0 [RJ( (7) = Xicapy Civileii(T)) } [0 =
0, so dWp(t)/0v;; = 0. Therefore, a contract ¢; and (p; ;,1; ;) maximizes Wy(z(t)) and is
renegotiation-proof at all dates ¢ >t if it satisfies (54) and (55). O
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Proof of (61): Note that at date f, z; = 4; = 7, so q(f) = #Q. We can then decompose
Wp(to) into Wp(to) = Yp Zp, where

Yp = Y [mhiTjl+ > [mlg(to)Ty] , (123)
JE€Tab JET\Tab
Zp = 1+ Ejejab (Im(2) —m hy] T'j) +Y§jeJ\JQb ([m(z) —m(z Q)] Fj)] (%)f (124)

Using (59), we write Yp in (123) as (62). Given that m(z) = m*™ — [m™ — i) (%4,)]/%, where

* =k Ki(i), We expand the numerator in the squared brackets term of Zp to obtain

. A — B/,’i‘ Tt 3
Zp = 1 + [T] (7) : (125)
where A = 5 7 ([m™ =i hy] Tj) and B = [m®—njip (D] (S, T + (1= Q1) Tje g, Ti):
Note from (53) that & = (1+&)B/[¢ A]. Substituting in (125) we can write Zp = 1 + ﬁ (’%)£ ,
which is (63). O

Proof of Proposition 1: Recall that J,, = {j € J | S(Q) < h; } U argminjc 7{w;(S(Q)—
hj)}. There are two possible cases: Case 1- If 1 < §(Q), then given that h; < 1 for all j € J, we
have {j € J | S(Q) < h; } = @. So there is only one asset in an alliance. Case 2 —If 1 > S(Q),
then given that h; < 1 for all j € J, we have Yp < Y)s and thus YpZp < YpZps. The merger

dominates the alliance. O

Proof of Proposition 2: Note that at date 0, zp = &9 = 1, so ¢(tp) = Q. Define K =
ki) (0)/E, Q = Ky )/[H Kyl K = ki (0)/E, © = kg /[kd k). Note that K = K and Q = Q
if i(£) = 7(0), whereas K = K[ ( )/k ( )] and Q = Q[ //@~ ] if 2(4) #4(0). Ifi(£) # i(0),
we have i(f) = argmax;{x; }, and consequently ki(o)(o) = maxz{k( )}. So K = K j with p
(and ') defined in (74). Note that if i(f) # 4(0), then p < 1, j/ > 1, and pp < 1. Define
zj = (m*®/m) — hj, z = (m*/m) — 1, and 2’ = (m™> — iy (1 ))/m We have m™®/m = Q p'
and n;;(0)/m = KQp p'. Then, A and B in (96) can be wrltten as A = zm ) ;. ,T'; and
B =2'm3 ;c;T;. Similarly, A and B in (125) can be written as A = } ., (z;mT;) and
B =Y, @ml)+(1-Q7") Ycns, (#mT)). Now define Y = Yp/Yyr and use (61) to
write Wp(0) as Wp(0) =Y Yy Zp, where Y and Zp are given by (68) and (69). O

Proof of (76): Given that % [5] liep = L [%8 — 28], we compute 22 for A € {S(1); Zun; Y Zp}
and E € {K;Q}. From the expressions in Proposition 2, we have 90S5(1 )/8u = S(1)/2 > 0 for
E e {K;Q}, 05(1)/0rg =0, 9S(1)/ox =0, 0S(1)/0p = 0, 0S(1)/do = 0, 9S(1)/0h; = 0. Now
turning to Y Zp, we have

Y Zp = [ij(hﬁz—)m Y wSQ). (126)

F€Tab (1+¢€) &5 FET\Tub
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Define W = (1 —[}_;c7, wil) = X ;e g, wil)- We have
Ozp -1 < S(1) H) =
— = 0 —= + 6(BE)) , for=e{K;Q}, 127
9= S ma U E 0(E) {K;Q} (127)
1 1
where 60, = ( 1;5) (1-WQ™)pp, 6(Q = § [ﬁcp(l—W) _ | 25) (I—WQ_I)]128)
and 6p(K) = 0. Computing, we have
YZ 1
ol ~ 0,50 1 eym). mrze ki), (129)
Y
where ©; = (1-WQ!) A’[gl +wWQt, Ou(K) = 0, (130)
rp
1 P P
Q) = 1-wQ') |1 - | - A=W | (131)
Tp Tp
Similarly,
‘9;24 = i(ei@ + 93(5)) , for 2€{K;Q}, (132)
= z E
where 6] = (126),5/3', 0(K) = 0, 6,(Q = p [:%M— (126)] . (133)
We also have
Z 1
a[a:M] = 0] @ + O4(8), forE€{K;Q}, (134)
. e Y A
where ©] = P Oy(K) = 0, Oy(02) = v, [Ty — 1] . (135)
Tmr Tmr

AsW Q'€ (0;1) and :%[gil € (0;1), we have O € (0;1) and © € (0;1). We also have ©; = O +
WQ~1(1-0)), hence ©; > O, when Y Zp = Z);. Therefore 1—0; > 0, 1—0) > 0 and ©;—0/ > 0.
So (76) holds for £ = K. Furthermore, we have (1 — ©1)K — ©¢(2) > 0, when S(1) =Y Zp. We
have (1 — ©})K — 04(Q) > 0, when S(1) = Zy;. We have (01 — 0))K + (0p(Q2) — ©4(2)) > 0,
when Zy =Y Zp. So (76) holds for E = €.

Note that 6; > 0 and 6K + 6p(Q) > 0. Also, 6 > 0 and 0{K + 6(2) > 0. So %2 < 0 and
9y <, for E € {K;Q}. O

Proof of (77), (78), and (79): We have 95(1)]/02 = 0 for E € {—ro; —A;p;0;h;}. In
Y Zp, only &, Zp, and @) depend on at least one of o, A, u and 0. In Zy;, only € and Zas depend
on at least one of rg, A, x and 0. ¢ is the positive root of ¢202/2 + &(p — 02/2) —r =0 and € > 1.
Let D = [ — 02/2] + 202r. Then, using the fact that (€02 + p — 02/2) = D'/2, we have

9 1 9% & 35 (k)

— From the Proof of (42) to (55), we have Q) = 1/[%(0,¢) Z(%(0,t),—1) r], where r = ro + A.
— > —r(r—t) j(071(’-) > :|1
Q [/t re <Et 0.7)] dr . (137)



— Given that d[re~"]/dr > 0 for r € [0,1), we have 0Q/drq < 0, 9Q/IX < 0. Given that
OE, [2(0,7)] /Ou > 0 and OFE; [£(0,7)] /0o > 0, we have 0Q/0u > 0 and 9Q/do > 0.

— From the expressions for zp, Zyr, and (136), it follows that 0%/drq < 0, 92/0X < 0, 0% /0u > 0,
and 02/0(0%/2) > 0, for & € {&p;#a}. Given that £ > 1, we also have 9[(1 + ¢)~127¢]/dry < 0,
O[(14+6)7127¢]/oX < 0, O[(1+&) " 27¢]/0pu > 0, and O[(1+€) "' 27€]/0(0?/2) > 0, for & € {Zp;Zar}-
— Hence 9[Y Zp]/0rg < 0, O[Y Zp]/OX < 0, A[Y Zp]/Op > 0, and 9[Y Zp]/d(c?/2) > 0. Also,
0Z ) Org < 0, 0Zp]/OX <0, 0Zy/Op > 0, and 0Zy;/0(a?/2) > 0.

- Given that 2 [4]],_, =% [%8 — 3Z], (77) and (78) hold.

Finally, d2p/0h; = w;&p > 0 and ddnr/0hj = 0. So, Y Zp]/dh; = y(1 — 1/i%) € (0;1) and
0Zn[0hj = 0. So, (79) holds. O

Proof of Result 5: 0z/0K < 0, 02/0Q < 0, 0z/0ry < 0, 0z/0X < 0, 0%/0p > 0, and
02/9(0?/2) > 0, for & € {&p;@n}, and 02p/Oh; > 0 and O /0hj = 0 were established in the
proofs of Results 1, 2, 3, and 4. O

Proof of Result 6: An increase in the set J increases ), I'; and decreases wje7,,. Now,
in establishing Proposition 1, we have seen that a necessary condition for the alliance to be optimal
is that S(Q) > h; for all j € J. Therefore, an increase in the number assets increases Y in (68) as

well as Zp in (69). It also increases Zp in (73). O

Proof of Result 7: A situation in which no knowhow acquisition is possible is represented
by p/o — 0 and o — 0. Then, lim; .o, k7 (¢) = 0 and & — oo, for & € {Zp;&p}. Consequently,
Zy — 1and Zp — 1. Furthermore, Q — 1, so S(Q) — S(1). Assume an alliance is formed. Then,
we necessarily have S(Q) > hjcg,,. SoY < 1. Hence YZp/Zp < 1 and a merger is preferable, in

contradiction to the assumption that an alliance has been formed. O
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Background Calculations
These are intended to simplify the task of the referee, and are not part of the paper.

Proof of (42) to (55): Details of the calculations are provided following the sequence in
the proof provided in the Appendix.

Details of (106): The f.o.c. for e; j(7) directly yields

7.
$ij0i% (Cag(™)ens(m™\" 1 _ (138)
ei ](7-) 5(5(1 551, _ 1-7v4 - )
) a Oy (kl‘%) vj

hence (106).

Details of (107): Replacing,

ba,j da (Ka)

1= (0a+0p)
N L o
<ea,j(f)% eb,jm%) _ (” ) ( "ﬂ>‘5 y

o5z oyt dor oy
(%J N (Hb)l;jw>6b (eaﬂ-(r();z;;j(ﬂab>7j(5a+5b), )
a
(ea’j(T;Z;;;j(T)%)lw = P <¢a,j (Ha)l%ﬂ'%)&a (d)b,j(ﬁb)%)éb (140)
a O
e 5 O (o) ™7 (s ) 277 (141

Details of (108): With (106) we have

eq.i(T)0% ey :(T)% K
b1 Ri(e(r) — Cijless(r) = [¢z~,j—¢i,ﬂj5i]< a5 (7)* 20, (7) ) )

0 5O
532 8%

Details of (115): The distribution of X (¢, 7) is

F(X(t,7) < M) = @ [%\/Q] ~ exp (T%)@[‘MJ/’;&_ t)], (143)

where m = ji — 02 /2 (See Harrison, 1985, p. 15). The probability density function of X (¢,7) equal
to M, f(M) = d(F(X(t,7) < M))/dM, is therefore

0 = o [H ] g () Mot

2 g (20 [ nt ), s




Details of (117): The expression to be integrated,

expln M] f(M) = UeXp([j]lﬂt) [M;\Z(L_t_t)] + exp (2m:2n02M> . (i_t)é[M:\Z(L_t_t)]
_ 20—75 exp (WM) o [_MJ?/?_%_ t)] : (145)

We will rewrite the first term on the RHS of (145) noting

— —(m o) (r — )]
yogm = M (2022”_3( O m no/2)(r — 1), (146)

—[M —m(r —1)]?
202(1 — t)

Then, express the third term on the RHS of (145), integrating by parts

2m 2m + no? —M —m(T —1t)
_am SN ) @
o2 P ( o? > [ oJT —1t

d 2m 2m + no? —M —m(T —1)
= — (- =" — M| O
dM < 2m + no? P ( o? ) [ oVT —1t
—1

Using (146) and (147), we rewrite (145) as

expn M] f (M)

exp[n(m +no?/2)(r —t)] s [M— (m+7702)](7—t)]
o/ (T —1)

2 2
no 2m + no 1 M—{—m(T—t)]
+ M
2m + no? exp( o? ) g,/(T—t)gb[ o1 —1
d 2m 2m + no? —M —m(T —t)
- — M| @ . 148
dM (2m+7702 exp( o? > [ oJT —t (148)
We now rewrite the second term on the RHS of (148) noting
— M —0]F 2 2 —[M = (m +no®)(r 1)
LR k) R O U el U Lt | k) YA YR PIPS

20%(T — t) * o2 20%(T — t)

This yields

- (- %) exp (MULQWM) e ety
which is
exply M] f(M) = (1 ; Qm"fzag) el b 72;’2_/ f)) (r=01 [M - (mgbji? (r - t)}

d no? 2m + no? —M —m(T
S (i — L — ST ) @
dM (( 2m+7702> exp( o? o —

il

t)D . (151)

o~



We then obtain,

2 2
2(r —t]80,8),m) = i(O,t)"e_r(T_t){e"(m"'"“?/Q)(T_t) <1+ 17 )@[(m”")m
ag

2m + no?
2
no —m
+<1_%n+mﬂ>@[cr 7_4}, (152)
which gives (117).
Details of (77):
) (3] 1 la|vt 1 w2
o oVt dt = / -5t / [ ] du| dt 153
/0 e [a\f} e 2+sga] \/_Wexp 5 | du (153)
- a] [' |f] dt (154)

Ly
2s
1 Sg[a] |al 1 sgla]  af

Details of (119): Replacing, in (114) and then in (112), we obtain

,_ ) 7 6
M(zy, 2(0,4) | Ki(.), k) = {[k_%lll_(w(éﬂt)>]
o (k=R0) | (2@ ) &
M ATNY ](A&t)) } : 1)

I P GlIC) N P S VRN
- {’“ 70,0 [1 . Q)(f(o,t)”}r 10

Details of (120): Given that 53 [(ﬂ>§] =—¢ (%)g/@i,

T

§2; Vip(ti) — &2 Vi (t:) + 23 9%, Y o (158)

LoV Qavsﬁ(mr

We develop the terms of the third factor on the RHS of (158):

e Note that V%5 7 (1) = V% 7, (0), for all £. Also, given that q(A~) = i; Q, we have that ny,(q(t;)) =

) =
[k — (k — kn(0)) /(2i Q)] &, for all h € {a;b}. So V% 7. (t) = Viju(k) = Viju(k — ki(0)) /(2 Q).
Therefore

EaVp() = €40 Y VF0) +&d > Viju(k) —%Z i.4,U 0)) . (159)
JE€Tab JET; €Ji
e From (40),
—£; Vz*(tAz) = —&Zip; — &£ Z 1/)2,] i(i; ]U(k~ — & ZV,], 160)

JE€ETab JET:

il



Given that ny,(2;) = [k — (k — kx(0)) /5] &, for all h € {a; b}, we have V; ; (ki (£;)) = Vi ju (k) —
Viju(k — ki(0))/#;. Therefore

—£2; V; (Az) = —&{zipi — & Z Q/)z,] i(t; 7],U E‘) + ¢ Z wi,j V}(fi),j7U(E - ki(fl)(o))
JE€Tab JE€Tab
—&a; Y Vijuk) + € Vijulk—ki(0) . (161)
JeT: JeT;

e Given that, for all b € {a;b}, kn(t;) =k — (k — kn(0)) /2i, we have 8‘9 [kn(t:)] = [k — kn(0)] /22
It follows that #2 Vet ) — [F _ b, (0)] 5, T, hence ?%{ff““t” = Viju(k — kn(0)).
Therefore
V(L) 5 Vi o (ki () 5 Vi u(ks(E:))
T el > g — )]a::r,:( o Z‘T’%]a—fcz’ (162)
JE€Tab JET:
= Y i Vi o k= iy (0) + D Viju(k —ki(0)) . (163)
JE€Tab JET:

e Given that ¢(t;) = #; Q, we have that ny,(¢(£;)) = [k — (k — k,(0)) /(£ Q)] ki, for all b € {a;b}.
oV £ —
It follows that &2 52 [ t:))] = Q [k — kn(0)]kp, hence &7 V”aeim{l(t) = Q [k — k;(0)] k; Tj, so
avee, (i
2 M =Q ! [VZ-,]-,U(k — ki(0))]. Considering that OV, ; (¢)/0 2 = 0, we have

{ 0;
oV, avoo i
& él;f - - Z ) -Q! Z Vijo(k —k;i(0)) . (164)

JET; JET;

Consequently, using (159), (161) (163) and (164), (158) becomes

OV p(t 1 ¢ -
a’;() = E(%) [ £ (‘Pz + Z¢z,j HO ,jU )_ Zw,j(o))

]Ejb jejab

+(1+¢) (Z iy Vi) (B = Ky (0) + (1— Q1) Zvi,j,y(kki(onﬂ . (165)

JE€Tab JeT;

Rearranging gives (120).

1+¢ Zjejab bij V:z'(fi),j,U(E - k%(ii)(o)) +(1-Q Zjeji Viju(k = ki(0))

B = _ _ . (166)
( 3 ) i + 2icg, Yid Vidnio k) — Xjeq, Vi (0)

Details of (55): Let II; = Djedy Vig (0) =i, I =My + 10y, hi = 3 c 7 ¥iy Vi) g, ok —

]_fz(fl)(f))) _i__ (1 B Qil) Z]GJZ VZ‘)]yU(l_{: - kz(o)), h = ha + hb? i_lZ = Zjejab /(/)Z,] ‘i 1),]7U(k) and h —
hq + hy = h. Using (120), we have &; = z; if and only if
h; h — h;

hi — I (h—hy) — (M1 (167)




Expanding, we have
hi(h—h;) — hi(L —1;) = h(h; — 1) — h; (hy — I1;)
hi(h=T0) = h(h; —TI)

- = h

which is (55).

Details of (122): Begin by noting that

Ja 0.
il (5= - =) [ets o)

0 ¢i,j ¢z Ni ¢z J
Ol =ajdayi —toidbvl _ o ¢
9 ¢i,j - (61 61*) 7]
Then,
oh; Sa [¢a] ¢ ]
8¢Z] = {(1 - ¢a,j da Vi — ¢b] Op 7]) 1 |:¢a] ¢ ] 8¢z,]

0 [1 = ¢a,j 0avj = Pb,j 0] [ o g ] =y |1
D6 asj Ph.j

o 40 | 177
_ {(1 _¢a,j 5&7]' _¢b,j 5()7]) <i _ 0 > i ((51 _6)} Kl |:¢Z’j ¢b’j]

1 —7; bij  bi-j

Details of (54):

62 z'—
(1= (g6 + g ) (2= = 2 ) = (1) - 6
1,7 i~ ]
¢2]

(1= 20+ (1= )1 = 8) (o

(1 =) i, j(20; — 1)
(=i, (20; — 1) + (1 — ;) +v504) (6 — ¢ij) =
— (1 —y;)% (26 — 1) + (1 — ) $1,;26; — (1 — ) bij

—jbi(20; = 1)8; + (L= 7))8i + 707 + v587;(20; = 1) — (1 = vj)ij —

—(1—)7(20; = 1) + (1—7])4)”25 — (1= )i

07 1(20; — 1) — 7 i j(20; — 1) + (1 — 7)8s + 767 — viijdi = (1 —v;)¢bi,;26;
07 1(20; = 1) = i i [vj(26; — 1) + 5 +2(1 = 9))] + (1 = ;)i + ;6] = 0

07 (20; — 1) = 2i,0; [yj0i + 1 — 5] + 8i[L — 7 + ;6] = 0

¢7(20; — 1) = (2¢i; — 1) 6 [L — 7 + ;6] = 0

A%

) = (- -1
(1 — (i j0i + (1= ig)(1 = 0:))) (0 — i) = (1 —5;)(20; — )i (1 — i j)
(1 =i — i (1 = &) + viii (1 = 6:)) (6 — bij) = —(1—;)¢5;(26; — 1)

(168)
(169)

(170)

(171)

(172)

(173)

. (174)

(175)

(176)
(177)

(178)



We therefore obtain that the optimal sharing rule solves

Nigi; + (2¢i; —1)6 = 0, (185)
(1 —26;)
here N; = . 186
v ' ;i (1 — 7yj +6) (186)
Hence,
VAl — 1)/N; if ¢, )
1/2 if 6 = 0y .

Details of (127) and (129): For = € {K;Q}, we have

alYy Z aS
[aEP] — Zw] : Z w; a(EQ)]

(1+ f P jedu 0= gej\yab
(X5, wizl (=€) 92p
(14+¢)i5 2p 02

(188)

We have 22 and 2@ are independent of j. Then, denoting C' = [ ;. ; w;z;| and D =

0= 0=
Fjeqnwi 21+ (1= Q7 [Ejeq g, wi#'], we have &p = (1 +£)D/[¢ C] and
9 /oD 1 8C 1
ax:p _ $P< :5__:5>, (189)
(s oD C oC
- (%5 %) (190)
1 /oD (1+ . 0C
_ 5(_E( £f) B xp—5> _ (191)
Hence
aC 0zj 0z
—= = [D>_ w2 = D wlaZ, (192)
0 0
= i€ € Tab N
0D _ 02
= = |[1-Q-[> wD| 55 (193)
= GE€Tab -
Therefore,
e @liajj] (=9 dr _ 15 <y wy] %4 _ %3_13, (194)
(1+¢)35 &p 02 5 (148 ieTo = a5 0=
Consequently,
0z; A 8ZJ
> e, Wi a~] [Ejeyab wj 2] (=€) dp  _ [Djeg,wilze 1 9D (195)
1+ (+oah v O s B o



So, denoting W = (1 — [ZjEJab wj]) = [ZjEJ\jab wj),

o0%p 1 (1 + 5) 07 . 82’]'
— = 1-Q7'w —ip(1-W)—==| . (196)
0= [Zjejab wj 2] ¢ ( ) o= o=
oY Zp] (1-W)oz; (1-Q 'W) 92 25(Q)
_ _ )z . 197
0= :g% o= jélj—l o= + W 9= (197)

e For E = K, we have 02;/0K =0, 92/ /0K = —S(1)pp' /K, 05(Q)/0K = Q@ *S(1)/K. Then,

op _ —(1+&(1-WeQ™) pp' 5(1)
o= 3 [Zjejab wjz] K (198)
O[EEZP] _ [(1 —WQ ) §+1 +wQ! % ) (199)

which is (127) and (129).
e For = = O, we have 02;/00 = (/, 92'/0Q = p'[1 — pK], 9S(Q)/0 = [1 — (1 — K)Q!]. Then,

dip  _ ! [(Hf) W 1—-pK] — ép(1— W A’] 200
= Sowmal | € (1-wQ™) 1 —pK] — i@p( ) A (200)
s -we) sy  Plaea-w) - B8 - WQI)],ZOD
B 3 > jeq, wizl Q@ [>jeq., Wiz '
d — 1-wQ™') , . _
Lz “jg”ﬁ“—L—;g?—lﬁu—pKy+wwl—u_JoQIL (202)
_ a=w), pp’ S(1) 1 5(1)
— ﬁ) 1) —|—( -WQ )xp+1 O + WQ 1T
(I_WQi ) N —
—TP +W-Q, (203)
= |1-wQ™) §+1+WQ ]%
Tp
. -1
LA, U Z?)ﬁ+ﬂ—WQﬂ—ﬂ—W% (204)
Tp
S
= |[(1-wQ™?) €+1+WQ ]%
Tp
—wo o~ - _
+ (1-wQ )[1 i%“] (1—-W) [1 i%]’ (205)
which is (127) and (129).
Details of (132) and (134): For E € {K;Q}, we have
YAV _ 1 (9z+ z (— f)awp. (206)

0= (1+9if 0= (L+¢)af, P 05

vil



Now,

8:2M 82’/ 1 0z 1
= 7 —_— i - - 2
0= xM( E 2 0= z) ’ (207)
v (02 2 0z
_ z Oz 208
z = 2 E) ’ (208)
1[0 (1+¢) . 0z
Tz (aE e Mo (209)
Consequently,
0Z 1 0z 1 0
= T A= — A= - (210)
= - = el o=
0= $§\4 0= xgj 0=

e For E = K, we have 0z/0K =0 and 02’ /0K = —S(1)pp'/K. Then,

; —(1+&) pp S(1
O _ —(1+8) 8 SO o1
0= £ z K
0Zw pp" S(1)
M . (212)
= AT
0= i’ K
which is (132) and (134).
e For = = Q, we have 02/0Q = p/ and 02'/0Q = p'[1 — pK]. Then,
an:M 1 (1 ""5) N ~ o N
= S| - pR) - 21
o= ol Pl —pK] — imp'| , (213)
. Mg, — 118
_ —a+o s Pl - 59 o1
¢ z Q z ’
aZM ]_ N ]- A~ A
S0 - - P—A—HP[I—PK]a (215)
m -l
o S P
= g e [Zp — 1], (216)
P P

which is (132) and (134).

viil



